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String Scattering Amplitudes and Tachyon Condensations

1 Tachyons in String Theories: Review
2 Tachyon Condensation in Open String Theory (TL, hep-th

1905.11879)
1 Four-Tachyon Scattering Amplitude: Veneziano Amplitude
2 Three-Open-String Scattering Amplitudes
3 Veneziano Amplitude in S-Channel and Feynman Diagrams
4 Complex Scalar Field Theory for Tachyons
5 Open String Tachyon Condensation

3 Tachyon Condensation in Closed String Theory (TL, hep-th 19...)
1 Four-Tachyon Scattering Amplitude: Virasoro-Shapiro Amplitude
2 Three-Closed-String Scattering Amplitudes
3 Virasoro-Shapiro Amplitude in S-channel and Feynman Diagrams
4 Closed Tachyon Potential and Condensation

4 Hatefi (2013), Garousi and Hatefi (2008)
Tachyon potential based on string scattering amplitudes.
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Tachyons in String Theories: Review

1 Dual Models and Sponteneous Breaking (Bardakci, 1974)
2 Time-dependent (tachyon condensation in open string theory)

1 Unstable D-Branes
2 Rolling Tachyons
3 Unstable D-D̄ Systems

3 Local (inhomogeneous) and time-dependent
1 Closed string tachyon (Adams, Polchinski and Silverstein)

4 Homogeneous and static tachyon condensation and tachyon potential

5 GSO Projection in Super-symmetric string theories (Discusssions)

QUESTION: Should we get rid of Tachyons ?
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Four-Tachyon Scattering Amplitudes in
Open String Theory

1 Veneziano Amplitude (Veneziano, G. (1968))

FT
[4](s, t) = g2 Γ

(
− s

2 − 1
)

Γ
(
− t

2 − 1
)

Γ
(
− s

2 −
t
2 − 2

) .

2 Expansions in terms of s-channel poles,

FT
[4](s, t) = −g2

∞∑
n=0

(α(t) + 1) (α(t) + 2) · · · (α(t) + n)

n!

1

α(s)− n

= −
2g2

s + 2
−

g2 (t + 4)

s
−

g2(t + 4)(t + 6)/4

s − 2
+ · · ·

where α(s) = 1 + s/2 and α(t) = 1 + t/2.
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Three-Open-String Scattering Amplitudes

The three-string scattering amplitude in the proper-time gauge (TL, Phys.
Lett. B 768 (2017) 248)

I[3] =

∫ 3∏
r=1

dp(r)δ

(
3∑

r=1

p(r)

)
2g

3
〈Ψ1,Ψ2,Ψ3|E [1, 2, 3]|0〉,

E [1, 2, 3]|0〉 = exp

{
1

2

3∑
r ,s=1

∑
n,m≥1

N̄ rs
nm α

(r)†
nµ α

(s)†
mν η

µν +
3∑

r=1

∑
n≥1

N̄ r
nα

(r)†
nµ Pµ

+τ0

3∑
r=1

1

αr

(
(p

(r)
µ p(r)µ

2
− 1

)}
|0〉,

where P = p(2) − p(1). Here N̄ rs
nm and N̄ r

n are the Neumann functions.
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Three-Open-String Scattering Amplitudes

Expansion of string scattering amplitude in string theory in terms of field
theoretical scattering amplitudes

= +

+

+

+ ...
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Local Three-Particle Interactions

Choosing the external string state,

〈Ψ(1),Ψ(2),Ψ(3)| = 〈0|
3∏
r

(φ(r) + A(r))

where φ(r) = φ(p(r)), A(r) = Aµ(p(r))a
(r)µ
1 , r = 1, 2, 3.

I[3] = Iφφφ + IφφA + IφAA + IAAA.

Three-tachyon interaction

Iφφφ =
2g

3

∫ 3∏
r=1

dp(r)δ

(
3∑

r=1

p(r)

)
trφ(1)φ(2)φ(3).
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Local Three-Particle Interactions

IφφA =
2g

3

∫ 3∏
r=1

dp(r)δ

(
3∑

r=1

p(r)

)
tr 〈0|

(
φ(1)φ(2)A(3) +

φ(1)A(2)φ(3) + A(1)φ(2)φ(3)
)
e
τ0
∑3

r=1
1
αr

(
(p(r))2

2
−1
)

(
3∑

r=1

N̄ r
1a

(r)†
1 · P

)
|0〉

= g

∫ 3∏
r=1

dp(r)δ

(
3∑

r=1

p(r)

)
tr
{(

p(1)µ − p(2)µ

)
φ(1)φ(2)A(3)µ

}
.

If φ is real, we may write this cubic interaction as follows

IφφA = −gi
∫

ddx tr ∂µφ [Aµ, φ] .

Taejin Lee (KNU) SQS19 Yerevan, Aug. 2019 8 / 36



Local Three-Particle Interactions
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Complex Scalar Field Theory for Tachyons

To be consistent with the Veneziano amplitude,

the tachyon fields must be complex or matrix valued !
On D-D̄ system, complex tachyon
On multiple D-branes, U(N) matrix valued tachyon.

The local action of IφφA may be written with the complex tachyon field as

IφφA = g

∫ 3∏
r=1

dp(r)δ

(
3∑

r=1

p(r)

)
tr
{(

p(1)µ − p(2)µ

)
φ†(1)φ(2)A(3)µ

}
= ig

∫
ddx tr

(
∂µφ

†φ− φ†∂µφ
)
Aµ.
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Complex Scalar Field Theory for Tachyons

Accordingly, we should also rewrite the action for tachyon up to a cubic
term as

Stach, cubic =
1

2

∫
ddx tr

(
∂µφ

†∂µφ+ φ†φ
)

+
g

3

∫
ddx tr

{(
φ+ φ†

)(
φ†φ
)}

.
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Cubic interactions IφAA and IAAA

IφAA =
g

2

∫
ddx tr

{(
φ+ φ†

)
AµA

µ +
(
φ+ φ†

)
∂µA

ν∂νA
µ
}
,

IAAA = gi

∫
ddx tr

{
(∂µAν − ∂νAµ) [Aµ,Aν ]

+
1

3
(∂µA

ν − ∂νAµ)
(
∂νA

λ − ∂λAν
)

(∂λA
µ − ∂µAλ)

}
.
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Veneziano amplitude and Feynman diagrams

FT
[4](s, t) = −

2g2

s + 2
−

g2 (t + 4)

s
−

g2(t + 4)(t + 6)/4

s − 2
+ · · ·

Four-tachyon scattering amplitude with a tachyon pole
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Veneziano amplitude and Feynman diagrams

Four-tachyon scattering amplitude with a tachyon pole

ST[4]|tachyon = 2g2

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

)

tr

(
φ(p(1))†φ(p(2))

1(
p(1) + p(2)

)2 − 2
φ(p(3))φ†(p(4))

)

=

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

) − 2g2

s + 2


tr
(
φ(p(1))†φ(p(2))φ(p(3))φ†(p(4))

)
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Four-tachyon scattering amplitude with a massless pole
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Four-tachyon scattering amplitude with a massless pole

ST[4]|gauge = −g2

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

)
(
φ(p(1))†φ(p(2))φ(p(3))φ†(p(4))

)
(p(1) − p(2))µ

Gµν
(
p(1) + p(2)

)
(p(3) − p(4))ν

= −g2

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

)
(
φ(p(1))†φ(p(2))φ(p(3))φ†(p(4))

){2(t + 4) + s

s

}
Gµν (p) =

1

p2

(
ηµν − pµpν

p2

)
.
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Local quartic tachyon potential

Sφ4 = SVeneziano[4] |gauge − ST[4]|gauge

= −g2

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

)
(t + 4)

s(
φ(p(1))†φ(p(2))φ†(p(3))φ(p(4))

)
+
g2

2!

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

) (
2(t + 4) + s

s

)
(
φ(p(1))†φ(p(2))φ†(p(3))φ(p(4))

)
=

g2

2

∫
ddx

(
φ†φ
)2
.

We need a local quartic tachyon interaction term to match the Veneziano
amplitude.
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String Scattering Amplitude and Feynman Diagrams

= +

+

+

+ ...

+

+ +
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Tachyon potential

Tachyon potential

VT (φ) = −φ†φ− g

3
tr
(
φ† + φ

)(
φ†φ
)

+
g2

2
tr
(
φ†φ
)2
.

If for N = 1, we may write φ in terms of two real functions θ(x) and ϕ(x),
φ(x) = e iθ(x)ϕ(x),

VT (φ) = −ϕ2 − 2g

3
cos θϕ3 +

g2

2
ϕ4.

Local minina are located at

θ = 2nπ, and ϕ =
(1±

√
5)

2|g |
, where n = 0,±1,±2, . . . .

Taejin Lee (KNU) SQS19 Yerevan, Aug. 2019 19 / 36



Tachyon Potential and Condensation

q

j

Stable minima at θ = 2nπ, and ϕ = ϕ0 = (1+
√
5)

2|g | .
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Tachyon Condensation

Near the stable minima, we may expand the tachyon potential as follows

VT (θ, ϕ) =
1 +
√

5

12
θ2 +

(5 +
√

5)

2
ϕ2 − (29 + 13

√
5)

12g2
+ . . .

where θ → θ/ϕ0. Both sclalars θ and ϕ disappear from spectrum in low
energy, becoming massive at Planck scale.
Tachyon potential at θ = 0

ϕ

V

Taejin Lee (KNU) SQS19 Yerevan, Aug. 2019 21 / 36



Four-Tachyon Scattering Amplitude in Closed String
Theory: Virasoro-Shapiro Amplitude

Virasoro-Shapiro Amplitude (1969)

ATachyon[1, 2, 3, 4] = 2πg2 Γ
(
−1− s

8

)
Γ
(
−1− t

8

)
Γ
(
−1− u

8

)
Γ
(
2 + s

8

)
Γ
(
2 + t

8

)
Γ
(
2 + u

8

) .

Expansion of the Shapiro-Virasoro amplitude in terms of s-channel poles:

ATachyon = − g2

(s/8 + 1)
− g2 (t/8 + 2)2

s/8

− g2

s/8− 1

(t/8 + 3)2(t/8 + 2)2

22
+ · · · .
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Closed-String-Scattering Amplitude

Polyakov string path integral over the pants diagram in the proper-time
gauge

W[3] = g2

∫
D[X ]D[h] exp

(
iS + i

∫
∂M

3∑
r=1

P(r) · X (r)dσ

)
,

S = − 1

4π

∫
M
dτdσ

√
−hhαβ ∂X

µ

∂σα
∂X ν

∂σβ
ηµν ,

where σ1 = τ , σ2 = σ and µ, ν = 0, . . . , d − 1.

XL(τ, σ) = xL +

√
1

2
pL(τ + σ) + i

√
1

2

∑
n 6=0

1

n
αne

−in(τ+σ),

XR(τ, σ) = xR +

√
1

2
pR(τ − σ) + i

√
1

2

∑
n 6=0

1

n
α̃ne

−in(τ−σ).
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Three-Closed-String-Scattering Amplitude

W3 = 〈P| exp

(∑
r

ξrL
(r)
0

)
|V [3]〉,

|V [3]closed〉 = exp
{
E[3]closed[1, 2, 3]

}
|0; p〉.

(1)

(2)

(3)
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Three-Closed-String-Scattering Amplitude

Fock space representation of the three-string-vertex (TL, Web of
Conferences 168, 07004 (2018))

|V [3]closed〉 = exp

{∑
r ,s

( ∑
n,m≥1

1

2
N̄ rs
nm α

(r)†
n · α(r)†

m +
∑
n≥1

N̄ rs
n0 α

(r)†
n · p(s)

)}

exp

{
τ0
∑
r

1

αr

(
1

2

(
p(r)
)2
− 1

)}

exp

{∑
r ,s

( ∑
n,m≥1

1

2
N̄ rs
nm α̃

(r)†
n · α̃(r)†

m +
∑
n≥1

N̄ rs
n0 α̃

(r)†
n · p(s)

)}

exp

{
τ0
∑
r

1

αr

(
1

2

(
p(r)
)2
− 1

)}
|0; p〉.
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Cubic Couplings in Closed String Theory

= +

+

+

+ ...
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Cubic Couplings in Closed String Theory

Choosing the three external closed string states

〈Ψ(1),Ψ(2),Ψ(3)| = 〈0|
∏
r

(φ(r) + h(r))

where φ(r) = φ(p(r)), h(r) = hµν(p(r))a
(r)µ
1 ã

(r)ν
1 , r = 1, 2, 3.

I[3] =
2g

3

∫ 3∏
r=1

dp(r)δ

(
3∑

r=1

p(r)

)
〈Ψ(1),Ψ(2),Ψ(3)|

exp
{
E[3]closed[1, 2, 3]

}
|0; p〉.
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Cubic Couplings in Closed String Theory

Iφφφ =
2g

3

∫ 3∏
r=1

dp(r)δ

(
3∑

r=1

p(r)

)
φ(p(1))φ(p(2))φ(p(3))

Iφφh = g

∫ 3∏
r=1

dp(r)δ

(
3∑

r=1

p(r)

)
h(1)(µν)

(
p(2)µp(2)ν + p(3)µp(3)ν − 2p(2)µp(3)ν

)
φ(2)φ(3).

Taejin Lee (KNU) SQS19 Yerevan, Aug. 2019 28 / 36



Four-Tachyon Scattering Amplitude with a Tachyon Pole

Ipert
φ4

∣∣∣
tachyon

= 4g2

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

)
(
φ(p(1))φ(p(2))

1(
p(1) + p(2)

)2
/2− 4

φ(p(3))φ(p(4))

)

= g2

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

)
{
− 1

(s/8 + 1)

} (
φ(p(1))φ(p(2))φ(p(3))φ(p(4))

)
.
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Four-Tachyon Scattering Amplitude with Poles of Massless
Particles

IPφ4
∣∣∣
massless

= −g2

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

)
φ(p(1))φ(p(2))φ(p(3))φ(p(4))

1

2
(p(1) − p(2))µ1(p(1) − p(2))ν1Gµ1ν1µ2ν2

(
p(1) + p(2)

)
1

2
(p(3) − p(4))µ2(p(3) − p(4))ν2

= −g2

16

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

)
φ(p(1))φ(p(2))φ(p(3))φ(p(4))

((t/8 + 2) + s/16)2

s/8
.
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Four-Tachyon Scattering Amplitude with Poles of Massless
Particles

Propagators of massless particles in de Donder gauge

Gµ1ν1µ2ν2(k) = GG
µ1ν1µ2ν2(k) + GB

µ1ν1µ2ν2(k) + GD
µ1ν1µ2ν2(k)

= ηµ1µ2ην1ν2
i

1
2k

2 + iε
,

GG
µ1ν1µ2ν2(k) =

1

2

(
ηµ1µ2ην1ν2 + ηµ1ν2ην1µ2 −

2

d − 2
ηµ1ν1ηµ2ν2

)
i

1
2k

2 + iε

GA
µ1ν1µ2ν2(k) =

1

2
(ηµ1µ2ην1ν2 − ηµ1ν2ην1µ2)

i
1
2k

2 + iε

GD
µ1ν1µ2ν2(k) = − 1

d − 2
ηµ1ν1ηµ2ν2

i
1
2k

2 + iε
.
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Quartic Tachyon Potential

I localφ4 = IVSφ4
∣∣∣
gauge

− Ipert
φ4

∣∣∣
gauge

= g2

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

) (
φ(p(1))φ(p(2))φ(p(3))φ(p(4))

)
{

((t/8 + 2) + s/16)2

s/8
− (t/8 + 2)2

s/8

}

= 2g2

∫ 4∏
r=1

dp(r) δ

(
4∑

r=1

p(r)

) (
φ(p(1))φ(p(2))φ(p(3))φ(p(4))

)
+ · · ·

where we treat s and t as small, |s|, |t| � 1.
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Closed String Tachyon Potential and Condensation

The potential for closed string tachyon would be

V (φ) = −4φ2 − 2g

3
φ3 + 2g2φ4.

Local extrema at

φ = 0,
(1 +

√
5)

2g
,

(1−
√

5)

2g
.

Near the stable minimum at φ = φ0 = (1+
√
5)

2g ,

V = V (φ0) +
(

13 + 5
√

5
)
φ2 + · · · .

The scalar tachyon becomes massive at Planck scale due to condensation,
m2
φ =

(
13 + 5

√
5
)
/4.
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Conclusions and Discussions

Homogeneous and Static Tachyon Condensations

1 Quartic tachyon potentials are obtained from four-tachyon-scattering
amplitudes

2 Tachyons become stable particles with masses at Planck scale

3 Thanks to the tachyon condensation and cubic couplings, massless
particles also become massive at Planck scale.

4 Extensions to non-Abelian theories (N ≥ 2, Multiple Dp-branes).

5 Rich structures of vacua thanks to non-trivial tachyon condensation.

6 Tachyons in super-string theories.

7 Phenomenological applications in particle physics.

8 Tail effects in low energy region

9 GSO projects ⇒ Tachyon condensations.
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Conclusions and Discussions

Homogeneous and Static Tachyon Condensations

1 GSO projects ⇒ Tachyon condensations.

2 Sector projected out by GSO ⇒ No massless particles, all particles
become massive at Planck scale, Symmetries are broken.

3 Sector projected in by GSO ⇒ Massless particles in spectrum,
Symmetries are mostly kept intact, Weakly coupled to the Secter
GSO proected out where tachyon condensations occur.
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