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Possible (p, T) phase diagram of strongly interacting matter
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Thermodynamics versus Nuclear Collisions
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Lecture I:

Phase coexistence (equilibrium)

Thermodynamics:
statistical mechanics of large uniform systems

Non-uniform systems:
gradient effects, interface tension



Basic thermodynamics
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=> The entropy curvature matrices [ ] have only negative eigenvalues




Thermodynamics with no conserved flavor

Statistical /v
equilibrium
in bulk matter ]

Energy E = V¢ eE=E/NV
Control parameter(s) {X}: { &Y / E V

Volume V —) ©°

Entropy function S{X}: [ S(E,V) = Vo(e) ]

B=1/T = 0,S(E,V) = 0.0(e)  temperature
Derivative(s) A, =0,S: {

g'[;:p/T = OVS(E,V) =()'—Bg pressure

o
Thermodynamic (local) stability: 6°S,,,<0 Concave
=> Entropy curvature 9,0 must be negative

[

>

€
Thermodynamic coexistence: — —

=>T,=T, & p,=p, 1 2
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First order <=> Phase coexistence <=> Spinodal instability

—

Extensive variable X ,
... occur when S(X) is locally convex:
Entropy function S(X)

aso(g) = /3) /31 = [52
g =0 -Pe m=m,

convex

N

spinT)dal

Maximum slope

X
/ dX (MX) = Ag) = 0
X1

\ A(X) =—-dS/dX
Maxwell Ao —
construction: : =F =

I I
1 I
I I |
I I |
1 1 1
Xl Xmin Xrnax X'Z X
&——— phase coexistence —>



Pressure p

Entropy density ¢

Phase transformation with no conserved flavor

Entropy density: o(¢)
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Thermodynamics with one conserved flavor

Statistical /v
equilibrium

in bulk matter f Energy E=VE e=E/NV
Control parameter(s) {X}: 1 FlavorN=Vp p=N/NV E, N,V
. Volume V—> o2

Entropy function S{X}: [ S(E,N, V) = Vo(e,p) ]

( B=1/T = 0:S(E,N,V) = 9.0(g,p)
Derivative(s) A, =0,S: | a=-u/T=0,S(EN,V) = 0,0(¢,p)

- w=p/T = 0,S(EN,V) =c—-Pe—-ap

Thermodynamic coexistence: 0S,,,=0 =>

1 2
=T, & wy=u, & p;=p,
Thermodynamic (local) stability: 6°S,,,<0 => 52
. . S0 0,00
Curvature matrix {3, 0 ,- 0(¢,0) } has only negative eigenvalues: p
2
00,0 0,°0
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Microcanonical scenario: E and N are specified:

B(e,p) = Oca(e,p) = 1/T (e, p) temperature
entropy 0(6 p) =
density ’ a(e, p) = 0p0(e,p) = —ple, p)/T (€, p) chemical potential
{ p(e,p) =0T —e+ pp pressure
h(e,p) =p+e enthalpy density
Canonical scenario: <E>and N are specified: @

Then replace Sby S’ = S—BE and require 6S =0 & 6°S’'<0 @
Same:
< - or consider F =-TS’ = E-TS and require 6F=0 & §#F>0

7
free
energy  Jr(p))= er(p) =Tor(p) = prlp)p—prlp) .,
densit 2
y { pr(p) = 9pfr(p) 3 f(p) 2
- = >
1 or(p) = —0rfr(p) s
o
()
Phase coexistence < f,(p) has common tangent! £ : .
2 Density
Jgrgen Randrup | 12
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Pressure P (MeV/Am")

Temperature T (MeV)

Example: Nuclear matter

T 1 ]
— T =0,5,10,15,20 ]
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Baryon density p/p,

Equation of state: p{p)

(0,T) phase diagram

The spinodal boundary
occurs at d;p{p) =0 =>




Nuclear phase diagram in different representations
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Isentropic changes

Entropy density: o(e,p) Temperature: T(e,p)=1/0,

Chemical potential: u(e,p) = -To,

Energy density: ¢ Pressure: p(e,p)=To— €+ up
Net baryon density: p

Enthalpy density: h(e,p)=p + ¢

Entropy per (net) baryon: s(e,p) = o/p

Changes: (8¢,6p) => 6s:

0°Tos = p?Td(alp) = pTdo — Todp = pde — updp — [h-upJop = pde —hdp

0s =0 => pde = hop <=> de/op = h/p




Isentropic phase trajectories in different representations
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Example: Nambu — Jona-Lasino model

C. Sasaki, B. Friman, K. Redlich, Phys. Rev. Lett. 99, 232301 (2007):
Density fluctuations in the presence of spinodal instabilities

L =9(iy —m+ py)Y + Gs [(L5¢-=)2+(-zEz‘r“'}s!ﬁ*)Q]

T [MeV]

]
0 02 04 06 08 1 12 14 16
ﬂq[fm-:ﬁ



Canonical description: T specified

Free
energy
density

fr(p) = er(p) —Tor(p) = pr(p)p— pr(p)

Phase coexistence <> common tangent.

>

common tangent
= Maxwell line

pr(p) = 0, fr(p)
or(p) = —=0rfr(p)
pr(p) = pr(p)p — fr(p)

= p?0,(fr(p)/p)

Free energy density

Density



Free energy density

>

uniform
matter

Density

\ common tangent

= Maxwell line



Liquid-gas phase coexistence

uniform gas phase

uniform liquid phase

can coexist in mutual equilibrium

\ droplets

mixture



matter

\ uniform

common tangent
Maxwell line

Density
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Thermodynamics of non-uniform matter

_ o Same temperature T, tr
Consider two coexisting _ _
phases of bulk matter: Same chemical potential y,
Same pressure p, / \
~ Density p g
Pllace them in. contact To Uy Po To Uy Po
with a planar interface:
P1 € O3 P2 €2 O2
PHASE 1 PHASE 2
Matter density p(x) o
A diffuse interface will then develop: 01
Depth x

The density profiles change smoothly ,

through the interface region Energy density (x) €2
from one coexistence value

to the other coexistence value: £

Depth x




Thermodynamics of non-uniform matter: microcanonical

Non-uniform flavor density  p(7) —/—— N =
3 E = / g(r)dr

Non-uniform energy density

Non-uniform entropy density &[p(7),&(r)](r)

08 = /[B('r)dé(r) + a(r)dp(r)|dr

o
—~
=
N—"
|
Q
o
N—"
>,
™
N
=
.
o
=S

VOE(r),Yop(r) : 0=0S—BodE—aodN = [ [(B(r)—PB0)0e(r)+(
7 —

Constant temperature: YVor: B(r) = 50 = VB =0

Constant chemical potential: Vr: a(r)=ap = Va=0

T=p/T =0 — e —ap

Constant pressure:

( om = —e0f3 — pda
Vi=—-EVE—pVa = pr)=po

J. Randrup, Phys. Rev. C 79, 054911 (2009)



Thermodynamics of non-uniform matter: canonical

_/__

Non-uniform flavor density p(r) N = /ﬁ(fr)dr

Non-uniform free-energy density fT[ﬁ(r)](r) FT:/ T(T)d'r

Constant temperature T

0 = /5fT(r)dr = /ﬂT(r)éﬁ(T)dr

Vop(r): 0=0Fp — podN = [ (ip(r) — po)dp(r)dr

%_I

Constant chemical potential: V7 : [T (r)=wpo = Vir(r)=0

op = pop
Constant pressure: <
Vir(r) = —p(r)Vir(r) => pr(r) = po

J. Randrup, Phys. Rev. C 79, 054911 (2009)

H. Heiselberg et al., Phys. Rev. Lett. 70, 1355 (1993)



Finite range: gradient term

Free energy density for uniform matter at temperature T: fT ( ,0)

But we need to treat non-uniform systems: ﬁ(fr)

Local-density approximation: fT [ﬁ(r)](’r) ~ fT(ﬁ(’r))

... implies:
Fro )y = AL
No good! => Finite range must be taken into account

[fm) = Fr(p(r) + ;cwmr»?]




Interface tension

Density_proﬁ/ey—— 0>
fr(z) = fr(p(z)) + $C(0.p(x))* P1

Depth x

The diffuse interface adds free energy (relative to a sharp interface);
the excess in free energy (per unit area) is the interface tension y;: 7T - / f

F12/\ _ 7 Jo—J1,. oz M~

7 (@) = fr(x) — fi — ——=(p(x) — pi) = fr(z) — f7 (p(z)) 2

P2 — pP1
= fr(p(x)) + 3C(0:5(x))? — f7 (p(x)) = 2A fr(p(x)) 1
+oo - M
de=dpfoep | W= [ 20r(pa)dn - / 20A fr(p)] " dpj Afr(p) = Jr(p) = J7(p)

The interface profile p(x) is not needed for v, P1 Af{p) P2

only the EoS for uniform matter, f{p)

The profile p(x) is determined by:  C925(z) = pr(p(z)) — po = —0,Afr(p(z))



A recent example:

Marcus B. Pinto, V. Koch, and JR: Phys. Rev. C 86, 025203 (2012):
Surface tension of quark matter in a geometric approach

Nambu -- Jona-Lasino model: Lo = ¥(iyed” —m)y + GI(F¥) + (Piysty)’]

Free Energy fy (MeV/fm3)

Free energy density

Excess free energy density Af

Interface tension
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