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Thermodynamics:  
statistical mechanics of large uniform systems 

Non-uniform systems: 
gradient effects, interface tension  

Lecture	
  I:	
  	
  	
  	
  Phase	
  coexistence	
  (equilibrium)	
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1 

2 

X1 = {E1, N1, V1, …}  => S1(X1)  

X2 = {E2, N2, V2, …}  => S2(X2)  

X = {E, N, V, …} = X1+X2+ …  S = S1+S2+ …  

The combined system is in equilibrium 
provided S has a local maximum  -  
which requires δS = 0 and δ2S < 0: 

δX
ℓ

=

∑

i

δX
ℓ
i

.
= 0

⇒ λ
ℓ
1

.
= λ

ℓ
2

.
= . . .

=>  The entropy curvature matrices                             have only negative eigenvalues 

T1 = T2 = …  

p1 = p2 = …  
µ1 = µ2 = …  

δS: 

δ2S: 

∂2Si

∂X
ℓ1
i

∂X
ℓ2
i

Basic thermodynamics 

δE =

∑

i

δEi

.
= 0

δN =

∑

i

δNi

.
= 0

δV =

∑

i

δVi

.
= 0

E = E1+E2+ …  

N = N1+N2+ …  

V = V1+V2+ …  

0
.
= δS =

∑

i

δSi =

∑

i

(

∑

ℓ

∂Si

∂Xℓ
i

δX
ℓ
i

)

=

∑

ℓ

(

∑

i

λ
ℓ
iδX

ℓ
i

)

λ
ℓ
i ≡

∂Si

∂Xℓ
i

λN
i =

∂Si

∂Ni

= αi = −

µi

Ti

λE

i =
∂Si

∂Ei

= βi =
1

Ti

λV
i =

∂Si

∂Vi

= πi =

pi

Ti

0 >̇ δ
2
S =

∑

i

δ
2
Si =

∑

i

(

∑

ℓ1ℓ2

∂2Si

∂X
ℓ1
i

∂X
ℓ2
i

δX
ℓ1
i

δX
ℓ2
i

)

=>	
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Thermodynamics	
  with	
  no	
  conserved	
  flavor	
  

Control	
  parameter(s)	
  {X}:	
  	
  	
  
Volume	
  V	
  –›	
  ∞	
  

Energy	
  E	
  =	
  Vε	
  

Entropy	
  func@on	
  S{X}:	
  

β	
  =	
  1/T	
  	
  =	
  	
  ∂ES(E,V)	
  	
  =	
  	
  ∂εσ(ε) 	
  

π	
  =	
  p/T	
  	
  	
  =	
  	
  ∂VS(E,V)	
  	
  =	
  σ – βε	
  
Deriva@ve(s)	
  	
  λX	
  =	
  ∂XS:	
  

Thermodynamic	
  coexistence:	
  	
  	
  
 =>	
  	
  T1	
  =	
  T2	
  	
  	
  &	
  	
  p1	
  =	
  p2	
  	
  	
  

	
  Thermodynamic	
  (local)	
  stability:	
  	
  δ2Stot	
  <	
  0	
  	
  	
  	
  	
  	
  	
  	
  
	
  =>	
  	
  Entropy	
  curvature	
  ∂ε2σ	
  	
  must	
  be	
  nega.ve	
  	
  	
  

S(E,V)	
  =	
  Vσ(ε)	
  

Sta.s.cal	
  	
  
equilibrium	
  
in	
  bulk	
  maVer	
  

temperature 

pressure 
 

ε 

σ 

E, V 
 

concave 

1 2 

ε	
  =	
  E/V	
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First order   <=>   Phase coexistence   <=>   Spinodal instability 

Extensive variable X 

Entropy function S(X) 

Intensive variable:  

X=E  =>  λ=β 

… occur when S(X) is locally convex: 

Maxwell 
construction: 

∂εσ(ε) = β:  β1 = β2    

π = σ – βε:  π1 = π2  
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Phase	
  transforma.on	
  with	
  no	
  conserved	
  flavor	



Equa.on	
  of	
  State	
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Thermodynamics	
  with	
  one	
  conserved	
  flavor	
  

Control	
  parameter(s)	
  {X}:	
  	
  	
  

Volume	
  V	
  –›	
  ∞	
  

Energy	
  E	
  =	
  Vε	
  

Flavor	
  N	
  =	
  Vρ	
  

Entropy	
  func@on	
  S{X}:	
  

β	
  =	
  1/T	
  	
  =	
  	
  ∂ES(E,N,V)	
  	
  =	
  	
  ∂εσ(ε,ρ) 	
  

α	
  =	
  -­‐µ/T	
  =	
  	
  ∂NS(E,N,V)	
  	
  =	
  ∂ρσ(ε,ρ) 	


π	
  =	
  p/T	
  	
  	
  =	
  	
  ∂VS(E,N,V)	
  	
  =	
  σ - βε - αρ	
  

Deriva@ve(s)	
  	
  λX	
  =	
  ∂XS:	
  

Thermodynamic	
  coexistence:	
  	
   δStot	
  =	
  0	
  	
  =>	
  
T1	
  =	
  T2	
  	
  &	
  	
  µ1	
  =	
  µ2	
  	
  &	
  	
  p1	
  =	
  p2	
  	
  	
  

Thermodynamic	
  (local)	
  stability:	
  	
  δ2Stot	
  <	
  0	
  	
  =>	
  	
  	
  	
  	
  	
  	
  	
  
Curvature	
  matrix	
  {∂χ	
  ∂	
  χ’ σ(ε,ρ)	
  }	
  has	
  only	
  nega.ve	
  eigenvalues:	
  	
  	
  

S(E,N,V)	
  =	
  Vσ(ε,ρ)	
  

Sta.s.cal	
  	
  
equilibrium	
  
in	
  bulk	
  maVer	
  

E, N, V 
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1 2 

ε	
  =	
  E/V	
  

ρ	
  =	
  N/V	
  

	
  ∂ε2σ	
  	
  
∂ε∂ρσ	
  	
   	
  ∂ρ2σ	
  	
  

∂ρ∂εσ	
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entropy	
  
density	
  

temperature	
  

chemical	
  poten.al	
  

pressure	
  

enthalpy	
  density	
  

Canonical	
  scenario:	
  	
  <E>	
  and	
  N	
  are	
  specified:	
  

free	
  
energy	
  	
  
density	
  

Phase coexistence  ó   fT(ρ) has common tangent! 

Then replace S by S’ = S–βE  and require δS’=0 & δ2S’<0 

 - or consider F = -TS’ = E-TS and require δF=0 & δ2F>0 

1

2

Density
F

re
e
 e

n
e
rg

y 
d
e
n
si

ty

fT(ρ) 

1 

2 

Microcanonical	
  scenario:	
  	
  E	
  and	
  N	
  are	
  specified:	
  

Same: 

µT (ρ) = ∂ρfT (ρ)

σT (ρ) = −∂T fT (ρ)
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meta	
  
	
  	
  	
  	
  stable	
  

stable	
  

unstable	
  

Equa.on	
  of	
  state:	
  pT(ρ)	
  

(ρ,T)	
  phase	
  diagram	
  

Example:	
  Nuclear	
  maVer	
  

The spinodal boundary 
occurs at ∂TpT(ρ) = 0 => 

v2

T ≡

ρ

h
∂ρpT (ρ) = 0
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ρ	



T	
  

ε	
  

µ	
  

Nuclear	
  phase	
  diagram	
  in	
  different	
  representa.ons	
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Isentropic changes 

Entropy density: σ(ε,ρ) 

Net baryon density:  ρ	



Entropy per (net) baryon: s(ε,ρ) = σ/ρ 
 

ρ2Tδs  =  ρ2Tδ(σ/ρ) = ρTδσ  – Tσδρ  =  ρδε – µρδρ – [h-µρ]δρ  =  ρδε - hδρ  	


 

Chemical potential:  µ(ε,ρ) = -Τσρ	


Energy density:  ε	



Temperature:  T(ε,ρ) = 1/σε	



Pressure:  p(ε,ρ) = Tσ – ε + µρ 	



Enthalpy density:  h(ε,ρ) = p + ε	



Changes: (δε,δρ)  =>  δs : 
 

δs  =  0    =>   ρδε  =  hδρ  	


 

δε/δρ  =  h/ρ  <=> 

Jørgen	
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Isentropic	
  phase	
  trajectories	
  in	
  different	
  representa.ons	
  

ρ	



T	
  

ε	
  

µ	
  

δε/δρ  =  h/ρ  
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C. Sasaki, B. Friman, K. Redlich, Phys. Rev. Lett. 99, 232301 (2007): 
Density fluctuations in the presence of spinodal instabilities 

Example: Nambu – Jona-Lasino model 
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vT=0 

vs=0 
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1

2

Canonical description: T specified 

Free 
energy  
density 
 

σT (ρ) = −∂T fT (ρ)

µT (ρ) = ∂ρfT (ρ)

Phase coexistence  ó   common tangent: 

Density

F
re

e
 e

n
e

rg
y 

d
e

n
si

ty common	
  tangent	
  
	
  	
  =	
  Maxwell	
  line	
  fT(ρ) 

pT (ρ) = µT (ρ)ρ − fT (ρ)

Dubna:	
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= ρ2∂ρ(fT (ρ)/ρ)
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1

2

common tangent 
  = Maxwell line 

uniform 
 matter 

F
re

e
 e

n
e
rg

y 
d
e
n
si

ty

Density
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Liquid-gas phase coexistence 

uniform liquid phase 

uniform gas phase 

can coexist in mutual equilibrium 

≠ 

mixture 
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droplets 
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common tangent 
  = Maxwell line 

uniform 
 matter 

F
re

e
 e

n
e
rg

y 
d
e
n
si

ty

Density
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Thermodynamics	
  of	
  non-­‐uniform	
  maVer	
  	
  

PHASE	
  1	
   PHASE	
  2	
  

Consider two coexisting 
phases of bulk matter: 

Place them in contact 
with a planar interface: 

Matter density ρ(x) 

Energy density ε(x) 

ρ1 

ρ2 

ε1 

ε2 

Same temperature T0 

Same chemical potential µ0 

Same pressure p0 

The density profiles change smoothly 
through the interface region  
from one coexistence value 
to the other coexistence value: 

T0  µ0  p0 T0  µ0  p0 

ρ2   ε2   σ2 
 

ρ1	
  	
  	
  ε1	
  	
  	
  σ1	
  

A diffuse interface will then develop: 

Depth x 

Depth x 

Jørgen	
  Randrup	
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∀ δε̃(r),∀ δρ̃(r) : 0
.
= δS−β0δE−α0δN =

∫
[(β̃(r)−β0)δε̃(r)+(α̃(r)−α0)δρ̃(r)]dr

Dubna:	
  1	
  July	
  2015	
  

Thermodynamics	
  of	
  non-­‐uniform	
  maVer:	
  microcanonical	
  	
  

ρ̃(r)

ε̃(r)

S =

∫
σ̃(r)dr

N =

∫
ρ̃(r)dr

E =

∫
ε̃(r)dr

δS =

∫
[β̃(r)δε̃(r) + α̃(r)δρ̃(r)]dr

π ≡ p/T = σ − βε − αρδπ = −εδβ − ρδα

∇π̃ = −ε̃∇β̃ − ρ̃∇α̃

∀ r : β̃(r)
.
= β0 ⇒ ∇β̃

.
= 0

Non-uniform flavor density 

Non-uniform energy density 

Non-uniform entropy density 

T̃ (r) = 1/β̃(r)

µ̃(r) = −α̃(r)T̃ (r)

p̃(r) = p0

∀ r : α̃(r)
.
= α0 ⇒ ∇α̃

.
= 0

Constant temperature: 

Constant chemical potential: 

Constant pressure: 
=> 

σ̃[ρ̃(r), ε̃(r)](r)

Jørgen	
  Randrup	
  I	
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Thermodynamics	
  of	
  non-­‐uniform	
  maVer:	
  canonical	
  	
  

ρ̃(r) N =

∫
ρ̃(r)drNon-uniform flavor density 

Non-uniform free-energy density 

Constant temperature T 

Constant chemical potential: 

Constant pressure: 

=> 

δp = ρδµ

f̃T [ρ̃(r)](r)

H.	
  Heiselberg	
  et	
  al.,	
  Phys.	
  Rev.	
  Lef.	
  	
  70,	
  1355	
  (1993)	
  

J.	
  Randrup,	
  Phys.	
  Rev.	
  C	
  79,	
  054911	
  (2009)	
  

FT =

∫
f̃T (r)dr

∀ δρ̃(r) : 0
.
= δFT − µ0δN =

∫
(µ̃T (r) − µ0)δρ̃(r)dr

∀ r : µ̃T (r)
.
= µ0 ⇒ ∇µ̃T (r)

.
= 0

∇p̃T (r) = −ρ̃(r)∇µ̃T (r) p̃T (r) = p0

δFT =

∫
δf̃T (r)dr =

∫
µ̃T (r)δρ̃(r)dr

Jørgen	
  Randrup	
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FT (                        )   =  FT (                      ) 

Local-density approximation: 

Finite range: gradient term 

Free energy density for uniform matter at temperature T: 

But we need to treat non-uniform systems: 

No good! 

… implies: 

=>   Finite range must be taken into account 

Dubna:	
  1	
  July	
  2015	
  

ρ̃(r)

fT (ρ)

f̃T [ρ̃(r)](r) ≈ fT (ρ̃(r))

=> 
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C∂2

xρ̃(x) = µT (ρ̃(x)) − µ0 = −∂ρ∆fT (ρ̃(x))

∆fT (ρ) ≡ fT (ρ) − fM

T (ρ)

Density	
  profile	
  ρ(x) 

ρ1 

ρ2 

Depth	
  x 

ΔfT(ρ) ρ1 ρ2 

Interface	
  tension	
  	
  

f̃T (x) = fT (ρ̃(x)) + 1

2
C(∂xρ̃(x))2

The	
  diffuse	
  interface	
  adds	
  free	
  energy	
  (rela@ve	
  to	
  a	
  sharp	
  interface);	
  	
  
the	
  excess	
  in	
  free	
  energy	
  (per	
  unit	
  area)	
  is	
  the	
  interface	
  tension γT: γ12

T =

∫
f̃12

T (x)dx

1 

2 f̃12

T (x) = f̃T (x) − fi −

f2 − f1

ρ2 − ρ1

(ρ̃(x) − ρi) = f̃T (x) − fM
T (ρ̃(x))

= fT (ρ̃(x)) + 1

2
C(∂xρ̃(x))2 − fM

T (ρ̃(x)) = 2∆fT (ρ̃(x))

γ12
T =

∫ +∞

−∞

2∆fT (ρ̃(x))dx =

∫ ρ2

ρ1

[2C∆fT (ρ)]1/2
dρ

The	
  interface	
  profile	
  ρ(x) is	
  not	
  needed	
  for	
  γT,	
  
only	
  the	
  EoS	
  	
  for	
  uniform	
  maVer, fT(ρ) 	
  

Jørgen	
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The	
  profile	
  ρ(x)	
  is	
  determined	
  by:	
  

dx = dρ/∂xρ
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Marcus	
  B.	
  Pinto,	
  V.	
  Koch,	
  and	
  JR:	
  	
  Phys.	
  Rev.	
  C	
  86,	
  025203	
  (2012):	
  
	
  	
  	
  	
  	
  Surface	
  tension	
  of	
  quark	
  maVer	
  in	
  a	
  geometric	
  approach	
  	
  

Nambu	
  -­‐-­‐	
  Jona-­‐Lasino	
  model:	
  

Free	
  energy	
  density	
  	
   Excess	
  free	
  energy	
  density	
  Δf	
  	
   Interface	
  tension	
  	
  

A	
  recent	
  example:	
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