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Table 3.  “Best” Cosmological Parameters

Description Symbo] Value + uncertainty — uncertainty
Total density Qo 1.02 0.02 0.02
Equation of state of quintessence w < =0.78 95% CL —
Dark energy density Qa 0.73 0.04 0.04
Baryon density Quh? 0.0224 0.0009 0.0009
Baryon density Q 0.044 0.004 0.004
Baryon density (em™%) ny, 2.5 x 107 0.1 x10-7 0.1 x10~7
Matter density Qnh? 0.135 0.008 0.009
Matter density Qm 0.27 0.04 0.04
Light neutrino density Q, h? < 0.0076 95% CL —
CMB temperature (K)? Temb 2.725 0.002 0.002
CMB photon density (cm=%)® n, 410.4 0.9 0.9
Baryon-to-photon ratio n 6.1 %1072 0.3x10-10 0.2 x 10-10
Baryon-to-matter ratio 2,91 0.17 0.01 0.01
Fluctuation amplitude in 84~ Mpc spheres os 0.84 0.04 0.04
Low-z cluster abundance scaling 0sNY.5 0.44 0.04 0.05
Power spectrum normalization (at ko = 0.05 Mpc—1)¢ A 0.833 0.086 0.083
Scalar spectral index (at ko = 0.05 Mpc—1)e ng 0.93 0.03 0.03
Running index slope (at ko = 0.05 Mpc~=1)© dng/dInk —-0.031 0.016 0.018
Tensor-to-scalar ratio (at ko = 0.002 Mpc~?) r < 0.71 95% CL —
Redshift of decoupling Zdae 1089 1 1
Thickness of decoupling (FWHM) Azgee 195 2 2
Hubble constant h 0.71 0.04 0.03
Age of universe (Gyr) to 13.7 0.2 0.2
Age at decoupling (kyr) taee 379 8 7
Age at reionization (Myr, 95% CL)) i 180 220 80
Decoupling time interval (kyr) At gec 118 3 2
Redshift of matter-energy equality Zeq 3233 194 210
Reionization optical depth 7 0.17 0.04 0.04
Redshift of reionization (95% CL) 2 20 10 9
Sound horizon at decoupling (°) 04 0.598 0.002 0.002
Angular diameter distance to decoupling (Gpc) da 14.0 0.2 0.3
Acoustic scaled N 301 1 1
Sound horizon at decoupling (Mpc)< T, 147 2 2

*from COBE (Mather et al. 1999)
bderived from COBE (Mather et al. 1999)
legs &~ 700

dg, = w03 04 =r, d;t
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FIG. 2.— The large-scale redshift-space correlation function of the
SDSS LRG sample. The error bars are from the diagonal elements
of the mock-catalog covariance matrix; however, the points are cor-
related. Note that the vertical axis mixes logarithmic and linear
scalings. The inset shows an expanded view with a linear vertical
axis. The models are Q,,h? = 0.12 (top, green), 0.13 (red), and
0.14 (bottom with peak, blue), all with QA% = 0.024 and n = 0.98
and with a mild non-linear prescription folded in. The magenta
line shows a pure CDM model (2mA? = 0.105), which lacks the
acoustic peak. It is interesting to note that although the data ap-
pears higher than the models, the covariance between the points is
soft as regards overall shifts in £(s). Subtracting 0.002 from &(s)
at all scales makes the plot look cosmetically perfect, but changes
the best-fit x* by only 1.3. The bump at 100! Mpc scale, on the
other hand, is statistically significant. '
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Figure 4. The (A, A2) parameter space for the ansatz (5) for different values
of Qom, using the ‘Gold’ sample of SNe from [18]. The star in each panel
marks the best-fit point, and the solid contours around it mark the lo, 20,30
confidence levels around it. The filled circle represents the ACDM point. The
corresponding x* for the best-fit points are given in table L.

Table 1. x? per degree of freedom for best-fit and ACDM models for analysis using
the ‘Gold’ sample of SNe from [18]. wp is the present value of the equation of state of
dark energy in best-fit models.
Best-fit ACDM

Qom Wo Xgnin X2

0.20 -1.20 1.036 1.109

0.30 -1.35 1.034 1.053

040 -1.39 1.030 1.086
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Figure 5. The logarithmic variation of dark energy density ppg(z)/poc (where
poc = 3H§/87G is the present critical energy density) with redshift for different
values of Qom, using the ‘Gold’ sample of SNe from [18]. The reconstruction
is done using the polynomial fit to dark energy, ansatz (5). In each panel,
the thick solid line shows the best-fit, the light grey contour represents the 1o
confidence level, and the dark grey contour represents the 20 confidence level
around the best-fit. The dotted line denotes matter density Qom(1 + 2)3, and
the dashed horizontal line denotes ACDM.

Table 2. The weighted average @ (eq 10) over specified redshift ranges for analysis
using the ‘Gold’ sample of SNe from [18]. The best-fit value and 1o deviations from
the best-fit are shown.

w
Qom Az=0-0414 Az=0414—-1 Az=1-1.755
0.2  —0.84713%8 _(.118%3:20 008975355
0.3  —1.0531%080 —0.159+0:319 pEIREDDTE

+0.220 ¢ +0.452 =+0.081
0-4 _1-310_0_179 —0.210_0_340 0.210_0_050
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The parameters are the best fit parameters with the prior
Qo = 0.3 £ 0.04 to the 157 gold sample SNe.
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Figure 2 The redshift-space correlation function for the 2dFGRS, £(o, 7),
plotted as a function of transverse (o ) and radial (7) pair sePara.txon The func-
tion was estimated by counting pairs in boxes of S1de 0.2h™* Mpc ( assumlng an
) = 1 geometry), and then smoothing with a Gaussian of rms width 0.5 2~ Mpc.
To illustrate deviations from circular symmetry, the data from the first quadrant
are‘repeated with reflection in both axes. This plot clearly displays redshift
distortions, with ‘fingers of God’ elongations at small scales and the coherent
Kaiser ﬂa,ttemng at large radii. The overplotted contours show model predic-
tions with ﬂa.t:temncr parameter 8 = Q%6/b = 0.4 and a paxrw1se dispersion of
op =400kms~ Contours are plotted at £ = 10,5,2,1,0.5,0.2,0.1.

The model predictions assume that the redshlft -space power spectrum
(Ps) may be expressed a,s a product of the linear Kaxser dlstortlon and a radial
convolution®®: Py(k) = Pr(k) (1 + Bu®)? (1 + k*0Zu?/2HZ)™!, where p = k-,
and o, is the rms pa.er1se dispersion of the random component of the galaxy ve-
locity field. This model gives a very accurate fit to exact nonlinear simulations*S.
For the real-space power spectrum, Pr(k), we take the estimate obtained by de-
projecting the angular clustering in the APM survey'31€. This agrees very well
with estimates that can be made directly from the 2dF GRS as will be discussed
elsewhere. We use this model only to estimate the scale dependence of the
quadrupole-to-monopole ratio (although Fig. 2 shows that it does match the full
{(o, ) data very well).



2. Power :fccfrum.
1970 1922
@ Afproxinq.'he’ ftut /”Qrﬂ'.fu.’zceckwd‘

[ns—1| < o.1 cer tacnly

Rs= 0, 98 2002 (J'eejak et el Zoo'l)

< Pf b % Z"j% at tRe FRWMY Stage

n
e+ T T-013 2
A= 2.9. 10 (T;ﬁﬁ.e )
3. Statistcies
Gaussian
IN more JQ e‘g‘e:
f’\'s-"i/fv fi"
N
[ Ao | ~ Jns-t]* fe W= SO-g0
lr] € 2uw-g
N

Robust predic tions
How 'Lo C‘O.hag 'ehm ?

1. Add were {c‘cldr, a.»-:e.wta-nuu
(«t CCI..:'Q’ et some momenty of 'h‘.meg,

n

2. Assame "new r‘d*n'c:” 60’“-“0\, the ,utit-.b.‘l
Simitert'(‘, Bet ween tle tuws OF sét’es.



Ne W (actu“, , very oCoL) wey of
£~trodu.c£~3 the io.f&édouw?
Ptr& u’w

F‘f-a,:&caﬂ
In some fcrc:uL cn the /u:'é,
matter cn the Universe wag
qque‘ﬁat&ve e# the Same &g
tfe racn Pa.rt of matter on

the Pr-esu\,'é Uncverse

Geometrical

Evolution of the Unriverse -

-tronsetion between two

Mmooy ma bl 7. s? mrmetrie states

(SPMG-tG:MS) o Pa.rtq.'cuea,r'

Practice Oppei.u'h'ou.x rodel s of tfe same strulture
ave wred for clc.rcn'ptton. of dhe botr d ”*"0‘ P

2 De Stiter =5 FRW => De Sctter...s
(RD,MD)

»
Quwintecse ne ¥ ¢
) NME = tnflaton today’
k €Sseage & k-n-fcq.ts‘oa- 3 kf-f(ﬂ); ‘npghn’:ll} ete.



Fona € ocuteom@ o( quu.*% Cufec.(‘c.‘ouat#,

cosmology .
ds? = dti- a¥ft) (“,‘*Jz:flz:vt (9, Jz‘dx’)
A ety &"1’ = R(R) TP+ g*ﬁ (t) &4/0), 0
" e e
AP Gw

t)e o 4% A

L ()= @1;)'5; ¥ d-e %% "IB,Z Cyj o
el=0, ep(i)nl=0

La, anrds & (R-R°) Cp, Cuf =

£.Cuj c,'a.,> = & (i-8’) e - gaussien

Bl= An GHL = 1RV, & ' |
(1%%9) z 7w GH, T.‘h&)' Mh)l ek
(8e2) A = "“1 = M _._10(L56y) "‘%:’M
Bttt &R, oA L
et one generntly ! & 23-31%
L(R)= ’-8‘( €n -Lt__l-a-(tg.,) ) 5=
Cornection to the ear-aa tu.ab:ou,e.gmeg

dsts (1+ 28)dtt - (1-2V) (dx +elyttd 2?)

$= Vs - i-(f— {-f&dt) (:-%ﬁ(‘t))
) AR of alt)ot
anglf » tuat “omf Df t&{(a‘éém\... &




S'c;n.fee derivation (A5, 1902)

Hs M, dun‘u} Cmflation
(for simplicity)

Beg imu‘.n-’ of iu;lg'h'on ¢=0
End of dsf Cation t= ﬁ('?)
2H¢

der =

we,li’)ew/eef.(i’))“z_’

dSzS Jéz- a.:e
B detd- “.23
_,Qu.a..tu.n. Peréur&a tlon s

results in @z @(€-¢,(?))
as a{(-t.{i’,})

o dtto &4 oy e 7)) der -
tcnut ‘omo,%tour
s so b tion
— ot oae ) e e () et

T at the rediation-slominated stage
= dt*- o e ¢ e



Preuo.t OLSGO’VQt(:oMC sctuation

ro positive resuléys &g,.“(_ SCH

but 6e’e‘~m‘ua to exclude Some

l:h- ‘lg‘tt‘b Mra, m.£¢£3

E-a.) V[,)tqu LS on verge /~3‘)
wetRou t ﬁ‘-& onol excladed wetd tdey,

However , tXe €arliest and :Cn-,»(c;f'
medelds are s€0€L alive and 0. A,

1) Vig) wy? ns=i-2:096, 2=Zz0.1¢
(uue‘tt'cac Solution for
the ‘“kwua&mok& A ro wir

; - used
O-f “an "wafe’.?t‘dur; model cn 1 :’3"3)

2) R+ R* hg =0, .96, q,-.-% =370
(13 80)

) Vig)=Vo- 22!, g 32094
"rew io\-f&ﬁu\-” (1%82)



EXPECTEDL FUTUYRE DIScoVERIES

vVew Cf{egft 2 e W [Gut sm;ee)

fundaementeal cong tants

1. ﬂ-s'.‘ {+ {(ﬁ.) > ,l\.‘-ilao %
N $50-60

ngs 4 (s pesscd le for a :,ec;‘q.é
class o{ Vi) 0»8*
In the slow-roll approxima tion ; V/&D)mso—'?’
EX‘-C't X 4 PQ(Q&Q*"G fd.uu‘. C} “p&'u'(C,
_ Jymg M/ 2\ [F & i
yz BrLHO) - i (2) Texp(- E)azvc),
5 ViRG § o) @ bt

V/;Jo):: 3p? /#z/x)— :;Lg/ZKx))'

3antG e

2 ro,nn»c.in'.c fum“’ exists

(A.S., JETP Leit. 22 (2005)
a.s‘tro-,;£/0507133 )



Exact solytion é{ e ¢1u.a.to'cu..r

VLS ma /i V/y))
(:?+ 3Hj°+§§:0

d*u hi- -
met (A3 dzl)“ ’

W "'—) 2e 42, 2 f.m.)

N
wetl tle (nltial conditien
~Chy
U. - &-——
Nz 7 Y



set of potentials producing the same perturbation spectrum.
In particular, the problem of accuracy of the slow-roll approximation prediction for Po(k)
(including higher order corrections) has been intensively and critically studied recently us-
ing different methods: [14], [15] (the uniform approximation), [16] (the improved WKB-
approximation) and others.

By an exact solution I mean a solution of the following system of equations for a spatially-
flat Friedmann-Robertson-Walker (FRW) background with a scale factor a(t) and scalar
(adiabatic) perturbations described by the Mukhanov variable Q = u/a:

87G [ ¢
w=2E (5 V@) | (1)
p y AW
o+3Hp+ o2 =0, (2)
d?uy, S d?z
d—,72'+(k-;d—’72)uk-0, (3)
obtained without any approximations. Here
a aé dt
H—;’ z—ﬁa 17:'/@’ : (4)

dot means the derivative with respect to t, ux(n) exp(ikr) is the wave function of a Fourier
mode of the quantum field u (the c-number multiplying the Fock annihilation operator d),

and ¢ = i =1 is put throughout the paper. The variable Q [17] is equal to 6@z, + £® in the
longitudinal gauge (® is the quasi-Newtonian gravitational potential), or to d¢ps— g%([l-I-A) in
the synchronous gauge (x and A are the Lifshits variables). The normalized initial condition
for uj corresponding to the adiabatic vacuum at ¢ & —o0 (n = —0) is

e—ikn

= 5 5
= ()

At late times during an inflationary stage in the super-horizon regime (k< aH, n—0),
uz—k = —:—ka — const = ((k) (6)

(¢ = —h/2 in the notation of [4]).
Then the initial spectrum of adiabatic perturbations for a post-inflationary cosmology in
the super-horizon regime is (assuming the absence of non-diagonal pressure components):

<o >=(1- %/otadt)z <¢>=(1- %/O'adt)zfpo(k) ‘2—’“ Po(k) = ksg;(f) (1)

Here ¢ = 0 corresponds to the end of inflation. For historical reasons, the slope ngs of the
spectrum is defined with respect to density perturbations in the non-relativistic dark matter
+ baryon component at the present time, (6p)r = —k?®;/4mrGa? before integration over d°k.

[a)



So, ng =1+ %ﬂ. Finally, using the equation H = —47G¢? that follows form Egs. (2)
and (3), Eq. (2) can be recast in the Hamilton-Jacobi form (18]

(o) - 29 Gy ®

where the prime denotes the derivative with respect to @.
Exact solutions of the inverse problem of reconstruction of V(¢) given Py(k) are known for

the following two cases only, if not speaking about solutions describing universes collapsing
towards a singularity.

1) A power-law perturbation spectrum with the slope ng = const < 1 [19]. Then
167G
q
This is just the power-law inflation. Considered as a function of #(t), H is related to

V(#) through Eq. (8). Note, however, that this is not the only potential producing the
ng = const < 1 spectrum.

2) The case when no perturbations are generated at all (no real created quanta of the inflaton
field) [20]:

) ) a(t)O(tqa q=::'n5

V(¢) x H*(¢) o exp (:l: S 9)

2 2
H@) = Haoxp(rG8), V(9) = 1 (1- 288 ) epance. 0

In literature, this case is sometimes incorrectly referred as the potential generating the
ns = 3 perturbation spectrum. However, one should not forget that generated perturbations
are quantum (even quantum-gravitational) and require renormalization. After subtraction
of the vacuum energy w(t)/2 = k/2a(t) of each mode, no created fluctuations remain in
this case. Moreover, a number of real inflaton quanta generated in each perturbation mode
k should be large, because in the opposite case they may not be interpreted as classical
perturbations after the end of inflation (see [21] for a more detailed discussion of this point).

Strictly speaking, there is no exit from inflation for the potential (9), and the potential
(10) does not admit a low curvature regime at all. However, in the former case V(¢) can be
deformed such that it reaches zero at a sufficiently large value of ¢. This will result in a very
small change of the perturbation spectrum at present scales of interest that may be safe1¥
neglected. Sometimes, the case of a parabolic potential near its maximum V(g)=Vo— ’"—224';
is mentioned as an exactly soluble case. However, it is not such the one in our terminology
since in this case H(¢) is approximated by the constant value Hy = \/8mGV, /3.

In this paper, a family of exact solutions for the case ng = 1 is constructed. It is just the
initial spectrum proposed by Harrison and Zeldovich [22], after all, for beauty reasons. Note
that it satisfies the most recent CMB data [23, 24]. Let us first consider what follows for
this case from the slow-roll approximation. Then, the leading term in the power spectrum
reads

k3¢ (k) o (“//—Z)M , (11)

where #j is the moment when k = aH. It is clear that, to get ng = 1, V3/2/V' should
not depend on ¢. Therefore, V(¢) x ¢~2. Note that this solution of the reconstruction

Ll



problem is unique for a given amplitude of the flat spectrum. This kind of inflation was
dubbed intermediate inflation in [25] (see also [26]). Its scale factor behaviour is a(t)
exp (const 12/ 3). Once more, it does not have an exit from inflation, so it should be modified
at large ¢. A next order slow-roll correction to this potential was considered in [27].

To obtain an exact solution for H (#) and V/(¢) in the case ng = 1, note first that, for

1 d%z 2

Eq. (3) reduces to the equation for a massless scalar field in the de Sitter background and

has the solution y
aifit (1 i ) 13

satisfying the initial condition (5). Let us write the general solution of Eq. (12) in the form

B 'Inl")
z=—(14+00) oo, 14
Ile( )" (14)

where A, 7 are constants. The limiting case 79 — 0, when the first term in brackets may
be neglected, is not interesting because it corresponds to a collapsing universe (however,
it is “dual” to the case 79 — oo considered below). The power spectrum of the growing
perturbation mode is Py(k) = 1/472B? and does not depend on 79 (7o appears in the
amplitude of the decaying mode only and makes it non-scale-free). Thus, we have got the
exactly flat spectrum. Present observational CMB data [24] fix the quantity B with ~ 10%
accuracy:

1 A 1/2
5.5 = 4810 (075 exp(T — 0.17)) . (15)

where A is the quantity introduced in [24] and 7 is the optical length after recombination.
In this notation, A = 0.9 corresponds to the value A = 4.3 - 10~* of the other quantity A
introduced in [28] to characterize an amplitude of initial perturbations (and conjectured to
lie in the range (3 — 10) - 10~* in that paper). :

Since the aim of this paper is to find some exact solution, I will not investigate if there
exist other forms of z leading to the ng = 1 spectrum, too. The absence of other solutions
for z would immediately follow from scaling arguments if we assume that ur < k=12 f(kn)
for all n. However, the latter assumption might not be necessary. Moreover, I will consider
only one particular case of Eq. (14) corresponding to the limit Mo — ©0.

So, let z = —B/n. Let us express all quantities of interest as functions of ¢:

t=—47rG’/%, lna=/H(t)dt=—47rG/%d¢,

n =/% = -—41rG’/§ exp (471'6’/%@3) ; : (16)

a{b_ H H
A= haE 2P (‘4"‘;/?“) :



Equating the last line in Eq. (16) to —B/n, we get the following equation:

4rG H
[P(@)dé=-BHP, P= T exp (41rG’ / qus) : (17)
After differentiation, Eq. (17) reduces to P = —=B(HP' + H'P), or
4wrGH®* HH" 1
- — '+ ==0. 1
7l 7+ H' + B 0 (18)
Let us introduce dimensionless variables
— 32m2G*B?
= VirG¢, y= BV4rGH , v(z) = —3—V(¢) : (19)
Then, from (8), v = y* ~ (1/3)(dy/dz). For these variables, Eq. (18) reads:
d*y _(dy 2 difi voeis
yd_:ﬂ_(a) +E+y . (20)

After dividing by y?, the last equation can be integrated to dy/dz = zy — 1 (an integration
constant is excluded by shifting z, i.e., ¢). Therefore,

T ( [Tz 4 c) : (21)

where C' is another integration constant. This just yields us a one-parameter family of
solutions having ng = 1. The so-called slow-roll parameters for this solution:

1 H? (1 ¢
6<¢)=MW=(;“$)’
oo R Bl | e
s wo o Temec it (22)

The partial solution with C' = 0 has an infinite inflationary stage which is just described
by the slow-roll approximation for z > 1. Its graph is plotted in Fig.1. Its large-z expansion

is
| DA | SRS 1 f 9
y=———=+—=—=+.., v_z2_3?+m6_"' (23)
It is straightforward to check that it leads to ng = 1 (as it should be) for the first [8] and
second [9] order corrections to the slow-roll approximation. However, these corrections miss
the whole 1-parametric family with C # 0 completely. '
For 2 < 0, the solution with C' = 0 has rather peculiar behaviour: the potential v(z)
reaches the maximum value vy, & 7.252 at z & —1.326, becomes zero at z ~ —1.618 and
then going to —oco at z — —oo (however, such effective potentials are considered in string
inspired models now). In the latter limit, Y — o0, so we get an initial curvature singularity
at a finite proper time tg < 0. If £ = 0 is the moment when z = 0 (v(0) = 7 —1 ~ 1.237) and
the inflationary stage begins, then |to| ~ H=1(0) ~ BGY2, The scale factor reaches Zero very

slowly: a(t) o | In(¢ — ¢)|™*/2 for ¢ — to. Still the Riemann tensor is not twice integrable for

»



Figure 1: The dimensionless potential v(z) for the C' = 0 case.

t — to, so this singularity is a strong one. The same refers to all initially expanding (y > 0)
solutions with C' # 0 and C' > —+/27 - they all begin from such a singularity.

By taking C' < 0 and very small, it becomes poss1ble to construct a solution with a long
but finite inflationary stage. Namely, if C = —/3z7% exp(—2%/2) with z; > 1, then v(z)
becomes zero at # = 2, (y still remains ~ z7'). In this case inflation ends (e, |17| ~ 1) at
z = 21-0(7 !). The total number of e-folds is Nyot = 21G¢? = 22/2. Thus, C ~ exp(—Niot)
that is in agreement with the general principle that terms not caught by an arbitrary order
of a WKB-type expansion are exponentially small. For z > z;, one may put v = 0. Then
the kinetic dominated phase a(t)  ¢}/2 follows the inflationary stage. Or, we may assume
that v has a local minimum v =  y*(z — z,)? around this point. It results in oscillations in
¢ and the matter-dominated post-inflationary stage a(t) o t/3.

Finally, note that the spectrum of gravitational waves (GW) is not flat for this model:
for 1 € 2 < 1z, the tensor-scalar ratio and the slope of the GW initial power spectrum
r = —8ng = 16/2? = 8/N where N is the number of e-folds from the beginning of inflation.
The present upper observational bound r < 0.36 [29] requires N > 22 for the comoving scale
crossing the Hubble radius at present. So, Ny, should exceed ~ 70 in this model.
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