Dubna 07/05

Supertwistorial N=2 String Field Theory

Olaf Lechtenfeld

Institut für Theoretische Physik, Universität Hannover

• Open N=2 strings on R2,2 • Topological string on R2,2 • Covariant N=2 string field theory • Integrability of N=2 string field theory • Maximally supersymmetric extension • BRST operator in twistor space • Field theory for N=2 strings on supertwistor space • Component analysis • Bosonic truncation • Beyond tree level • Coupling to (self-dual) gravity

hep-th: 0007049, 0009144, 0204155, 0209186, 0212335, 0406179

Open N=2 strings on R2,2

Physical excitations: a single Lie-algebra valued massless scalar field Φ Non-zero tree-level amplitudes: ⟨Φa(k1) Φb(k2) Φc(k3)⟩ = f abc ϵα̇β̇ k1α̇1 k1 β̇ 2 Dynamics from Leznov equation: −□Φ + 12 ∂ α̇1 Φ ∂1α̇Φ = 0 This is the Yang-Mills self-duality condition in light-cone gauge: A1α̇ = 0 and A2α̇ = ∂1α̇Φ =⇒ Fαβ ≡ ∂ γ̇(α Aβ)γ̇+[A γ̇α , Aβγ̇] = 0 Chalmers-Siegel action with multiplier field (Gαβ) = (0, 0, ~Φ) :

SCS = � tr ~Φ � −□Φ + 12 ∂ α̇1 Φ ∂1α̇Φ � = � tr Gαβ Fαβ(A)

Topological string on R2,2

NSR formulation: left-moving N=2 superconformal algebra T = ∂zXαβ̇∂zXαβ̇ + ψα̇β̈∂zψα̇β̈ G1¨2 = ψγ̇¨2∂zX1γ̇ G2¨1 = ψγ̇¨1∂zX2γ̇ J¨1¨2 = ψγ̇¨1ψ ¨2γ̇ Berkovits-Vafa formulation: extension to small N=4 superconformal algebra T = ∂zXαβ̇∂zXαβ̇ + ψα̇β̈∂zψα̇β̈ Gαβ̈ = ψγ̇β̈∂zXαγ̇ Jα̈β̈ = ψγ̇α̈ψ β̈ γ̇ Twisting: G ¨1α =: D̄α become two spin-one BRST-like currents: (D̄1)2 = 0 = (D̄2)2 and {D̄1 , D̄2} = 0

Covariant N=2 string field theory

We have switched: ∂αβ̇ ≡ ∂

∂xαβ̇

^= ∂zXαβ̇ −→ ψβ̇¨1 ∂zXαβ̇ ≡ D̄α Lie-algebra valued string fields: 2 fermionic Aα[X, ψ] and 3 bosonic Gαβ[X, ψ] Berkovits-Siegel action: SBS = ⟨ tr Gαβ Fαβ(A) ⟩ String field product = Witten’s star product ⟨. . .⟩ = � DX Dψ . . .

Fαβ(A) := D̄αAβ + D̄βAα + {Aα , Aβ} String field equations of motion:

Fαβ = 0 and D̄αGαβ + [Aα , Gαβ] = 0

Integrability of N=2 string field theory

Spectral parameter ζ ∈ Ċ = H̄+ ∪ H̄− = {Imζ ≥ 0} ∪ {Imζ ≤ 0} Linear system for Ψ±[X, ψ, ζ] holomorphic in H̄±:

(D̄2 − ζD̄1 + A2 − ζA1) Ψ± = 0 =⇒ (D̄2 − ζD̄1)(Ψ+−1Ψ−) = 0 Conmpatibility condition:

(D̄2 −ζD̄1+A2 −ζA1)2 = 0 ⇐⇒ D̄αAβ + D̄βAα + {Aα , Aβ} = 0

Chern-Simons form: D̄ := D̄2 − ζD̄1 and A := A2 − ζA1 Fαβ = 0 ⇐⇒ (D̄ + A)2 = 0 ⇐⇒ D̄A + A2 = 0

Gauge fixing:

A1 = 0 and A2 = D̄1Φ =⇒ D̄2D̄1Φ + (D̄1Φ)2 = 0

Asymptotics: Ψ±(ζ→∞) = 1 + ζ−1Φ + O(ζ−2)

Maximally supersymmetric extension

Self-dual N=4 SYM multiplet: (Aα , χ̃i , ϕij , χαi , Gαβ) with i, j = 1, 2, 3, 4

Berkovits-Siegel action:

^SBS = ⟨ tr � Gαβ Fαβ + χαi ∇αχ̃i + 14ϕij ∇α∇αϕij + ϕij χ̃i χ̃j � ⟩ with ∇αB := D̄αB + AαB − (−1)|B|BAα and ϕij = 12ϵijkℓ ϕkℓ

BS equations of motion:

Fαβ ≡ D̄αAβ + D̄βAα + {Aα , Aβ} = 0 ∇αχ̃i = 0 ∇αχiα + [ϕij , χ̃j] = 0 ∇α∇αϕij + [χ̃i , χ̃j] = 0 ∇αGαβ + [χ̃i , χiβ] + [∇βϕij , ϕij] = 0

BRST operator in twistor space

Notation: (ζα) = � 1 ζ � (ζα) = � −ζ 1 � (ζ̄α) = � 1 −ζ̄ � ν = 11−ζζ̄

Twistor space of R2,2 is P3 := R4×(H+∪H−) = R4×(CP 1\S1) ⊂ CP 3

Recall D̄ = ζα D̄α = ∂z(ζαXαβ̇) ψβ̇¨1 is type (0,1) vector field on P3

General type (0,1) vector field on P3: Q := D̄ + ¯∂ = ζαD̄α + dζ̄ ∂∂ζ̄

{dζ̄, ψα̇β̈} = 0 =⇒ Q2 = 0 . We take Q as our BRST operator.

Supertwistor space P3|4: add four Grassmann variables θi ∈ O(1), i = 1, 2, 3, 4

Field theory for N=2 strings on supertwistor space

Consider fermionic Lie-algebra valued string fields A � X(σ), ψ(σ); ζ, θi � Note: The ζ, θi coordinates of P3|4 are world-sheet constants Assume splitting as for Q: A = A[X, ψ; ζ, θi] + a[X, ψ; ζ, θi] with A ∈ O(1) and a = aζ̄ dζ̄ ∈ O(0) gauging D̄ and ¯∂ , respectively Cubic Chern-Simons type action:

S3 = � dζ � d4θ ⟨ tr � A QA + 23A3 � ⟩ = � dζ � d4θ ⟨ tr � A ¯∂A + 2 A D̄a + 2 A2a � ⟩ = � dζ∧dζ̄ � d4θ ⟨ tr � −A ∂ζ̄A + 2 A D̄aζ̄ + 2 A2 aζ̄ � ⟩ because the measure dζ d4θ = dζ dθ1 dθ2 dθ3 dθ4 ∈ O(−2) Equations of motion: D̄a + ¯∂A + {A , a} = 0 and D̄A + A2 = 0

Component analysis

Recall that A ∈ O(1) and aζ̄ ∈ Ō(−2).

Since ζα ∈ O(1) , ζ̄α ∈ Ō(1) , θi ∈ O(1) and nilpotent, the dependence of A and aζ̄ on θi, ζ and ζ̄ is determined (up to gauging) as A = ζαAα + θiχ̃i + ν2θiθjζ̄αϕαij + ν2θiζ̄αζ̄βχiαβ + ν3θ ζ̄αζ̄βζ̄γGαβγ aζ̄ = ν^22 θiθjϕij + ν3θiζ̄αχiα + ν4θ ζ̄αζ̄βGαβ with θiθjθk =: ϵijkℓ θℓ and θiθjθkθℓ =: ϵijkℓ θ Substituting this expansion into the equations of motion yields ϕαij = −∇αϕij and χiαβ = 12∇(αχiβ) and Gαβγ = −13∇(αGβ)γ as well as the BS eq’s of motion for Aα , χ̃i , ϕij , χiα , Gαβ extremizing ^SBS Also directly: S3[A, a] ∝ ^SBS[Aα, χ̃i, ϕij, χiα, Gαβ] −→ N=4 SDYM !

Bosonic truncation

Also non-supersymmetric self-dual YM via N=2 SFT in supertwistor space?

Yes indeed! Truncate � d4θ � � � θi θiθj θiθjθk � � � A = 0

Then string fields depend on {θi} only in the combination θ = θ1θ2θ3θ4 ∈ O(4) This is equivalent to putting χ̃i = ϕij = χiα = 0 everywhere and keeping only Aα and Gαβ in the action, hence: ^SBS −→ SBS The expansion A = ζ α Aα[X, ψ] + θ ν3ζ̄αζ̄βζ̄γ Gαβγ[X, ψ] a = θ ν4ζ̄αζ̄β Gαβ[X, ψ] dζ̄ yields indeed

S3 = � dζ � d4θ ⟨ tr � A QA + 23A3 � ⟩ ∝ ⟨ tr Gαβ Fαβ(A) ⟩ = SBS

String zero modes reproduce twistor description of (N=4 or N=0) SDYM

Beyond tree level

All considered actions are one-loop exact! For example, in

SCS = � tr ~Φ � −□Φ + 12 ∂ α̇1 Φ ∂1α̇Φ � = � tr Gαβ Fαβ(A) the multiplier field ~Φ or Gαβ acts as a loop counting parameter: Any amplitude at L loops must carry precisely 1−L external multiplier legs −→ all amplitudes vanish beyond one loop Self-dual fields carry a single helicity (+), multiplier fields the other one (−) Capture gluonic MHV amplitudes ⟨−+· · · +⟩|tree and ⟨++· · · +⟩|one-loop

Coupling to (self-dual) gravity

Open plus closed N=2 strings have two physical excitations: a massless Lie-algebra valued scalar Φ and a massless scalar Ω The tree-level amplitudes yield the following dynamics: −□Φ + 12 ∂ α̇1 Φ ∂1α̇Φ + κ ∂ α̇1 ∂ β̇ 1 Ω ∂1α̇∂1β̇Φ = 0 −□Ω + κ2 ∂ α̇1 ∂ β̇ 1 Ω ∂1α̇∂1β̇Ω + O(α′) = 0 This is the Einstein-Yang-Mills self-duality condition in light-cone gauge: A2α̇ = ∂1α̇Φ and ω2α̇β̇γ̇ = ∂1α̇∂1β̇∂1γ̇Ω =⇒ Fα̇β̇ = ∂1α̇∂1β̇Φ and Cα̇β̇γ̇δ̇ = ∂1α̇∂1β̇∂1γ̇∂1δ̇Ω while Fαβ = 0 and Rαβ ≡ ϵαγϵβδ R Γγδ + Cαβγδ Γγδ + Rαβγ̇δ̇ Γγ̇δ̇ = 0 Can we repeat the same game for self-dual gravity?