The Big Bang Cosmology:
Lecture #2
Friedmann—Robertson—Walker Cosmology
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Outline

Outline

o The FRW metric, reddening and the Hubble law
e Gas of free particles in the expanding Universe

e The dynamics of the expanding Universe
@ Einstein equations
@ Eamples of cosmological solutions
@ Particles horizon
@ Events horizon
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Outline

Convention

metric
ds? =gy (x)dx*dx”, u,v=0,1,2,3  signature(+,—,—,—) J
/ IX'H 9xT oIxP
XH = xH(xK) : B ()= X% X"V Ix/k B2 ().

Christoffel symbols: AR (R) = AR(x) —TH (x)AY(x)dx*

AR(R)—AR(R) =DO,AF-dx¥  Th = 2gHP(3y0p) +919pv — IpTya) -

Riemann tensor

A A A B _ 5k n i i
OuOvA* — OV OuA* = AR, RE =03, —9pTh, +Th, TS, —Th,TS, .

Ricci tensor and scalar
Ryv = R*

— % _ A}L
wve  R=gMRu =RM™,

v
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The FRW metric, reddening and the Hubble law

Homogeneous and isotropic 3d manifolds

di?2 = dp? +r?(p)(d 62 +sin 6d ¢?) J
Rsin(p/R), 3-sphere
r(p) = P, 3-plane
Rsinh(p/R), 3-hyperboloid
p is a geodesic distance; S= 47tr2(p); NG = r('—p)
2 2 2 2
dp? = drzp: drr2 dp? = drzp_ drr2
cosh®s  1+4; cos’g  1-L;
2 dr? 20402 1 cin2 2
dl“ = el (d6<+sin“6d ¢~)
1—%@
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The FRW metric, reddening and the Hubble law

Homogeneous and isotropic 3d manifolds

dr?

r2
~*re

dI? = pidx'dx = r2(d6? +sin®6d ¢?)

+1, 3-sphere
»= 0, 3-plane
-1, 3-hyperboloid
x
(3)Rijkl = @(Ynk%l —Yi¥K)

@Ry =2 PR =6:R 2

RZYJ’
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The FRW metric, reddening and the Hubble law

FRW(L) metric

ds? = dt® —a?(t)ydx'dx!

a(t)

H(t)= =2

(t) a()

Special frame: different parts look similar

Also this is comoving frame: world lines of particles at rest are
geodesics,

du® e vgh
E—H—vkuvu :O

Y = 0j

Dmitry Gorbunov (INR) Lecture #2 27 Jan 2008, Dubna, DIAS-TH

7120



The FRW metric, reddening and the Hubble law

Photons in the expanding Universe

1
S = —Z/d“xv—gg“vg’“"Fvap

dt =adn conformally flat metric

ds? = dt? —a?(t)§dx'dx] — ds® =a?(n)[dn? - §;dx'dx’]

S — _i/d4x n,uvnlpFu;Lva 7 A[(ft) :el(la)eiknfikx ’ K — “(‘
Ax=2n/k, An=2n/k

A(t)=a(t)Ax = 27ral((t) , T=a(t)An = znal((t)
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The FRW metric, reddening and the Hubble law

Redshift and the Hubble law A = Ai% = Ai(1+2z(t))
P =35+ @0 = 35
for not very distant objects
a(t) =ao—a(to)(to —ti) — a(ti) =ao[l —Ho(to —t)] J

Z(ti):Ho(to—ti):Hor, zk1l

km
Ho=h-100 ——  h=0.73"333
0 s-Mpc’ —0.03

Kk

similar reddening for other relativistic particles (small H, H, etc.)
P=am is true for massive particles as well
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Gas of free particles in the expanding Universe

Gas of free particles in the expanding Universe

homogeneous gas dN =f(t,p)d®Xd3p
in comoving coordinates:

d3x = const, d3k =const, f(k)=const
f(k)d3xd3k = const
comoving volume equals physical volume

d3xd3k = d3(ax)d?® (;) —=d3xd3p

f(p,t) =f(k) =fla(t)-p].

t=t: fi(p) — f(p,t)zfi<a(t_)p>
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Gas of free particles in the expanding Universe

Massless bosons (photons) fermions )

”<$> ewm_
=1 '> f(é&'t))

Teff (t) a(t) J

decouplingat T > m : neutrinos, hot(warm) dark matter
. 2 2
decouplingat T <m: f(p) = (271:)3 exp( m_ ”') exp( %?an)

1 M — Ueff p?
(2m)3 =P < Teit > =P ( 2mTeﬁ>

RS M — fert(t) _ M — g
Teﬁ(t)—(@) Ty, ———t=—— J
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The dynamics of the expanding Universe Einstein equations

Einstein equations

ds? = dt® — a?(t)ydx'dx!

1

a . .
Roo=-3_. Ri=0, Rj= (Aa+2a%+25)y;
a a%
R:g‘uvR“v:—6<a+a2+a2>

Tyv: macroscopic description
Tuv = (P+p)uuly —Guvp liquid with p(t) and p(t)

in the comoving frame u® =1, u =0

Tuv =diag(p, a(t)yp)
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The dynamics of the expanding Universe Einstein equations

N\ 2
Friedman equation (00) : (9) =82Gp - =

a

0, T =0 — p+3g(p+p):o
the equation of state
pP=p(p)

many-component liquid, other equations
in case of termal equilibrium

dp
—3d(Ina) = =d(Ins
(ina) = == =d(ins)
entropy is conserved in a comoving frame

sa® = const
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The dynamics of the expanding Universe

Examples of cosmological solutions

Eamples of cosmological solutions

-\ 2
a 8
=0 — —G
. (a) -5
dust: p=0 singular att =tg
const 2/3 const
a(t) =const - (t —t5)%/ t) =
a3 ( ) ( S) ) P( ) (t _ts)2
a 2 3 11
ts=0, Ht)=-(t)=o, p=o ~H?=_" =
s=0, HO=2=5 P=gc" ~ 61z
the Universe is too young
ty = i:093.1010yr (h=0.7)
07 3H, '
Dmitry Gorbunov (INR) Lecture #2 27 Jan 2008, Dubna, DIAS-TH 14/ 20



The dynamics of the expanding Universe Particles horizon

Cosmological (particle) horizon Iy(t)

distnace covered by photons emitted att =0

the size of causally-connected region — the size of the visible part of
the Universe

in conformal coordinates: ds? =0 — |dx| =dn
coordinate size of the horizon equals n(t)

t dt’
k(1) = a(O)n(t) = a(t) | )
dust
lu(t) =3t = Hft) , l4o=27-10%cm (h=0.7)
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The dynamics of the expanding Universe Particles horizon

Examples of cosmological solutions

radiation: p= %p singular att =tg
const 12 const
=——, a(t)y=const-(t—t t) =
a4 ) ( ) ( S) ’ p( ) (t_ts)z
a 1 3 3 1
s=0, HO=20=5 P=gc" ~ 3260

8w

mm:aqgiazm #b’

In case of termal equilibrium

2 7 72
= gpT? = oT?
Pb 309b i 8309f
2

T a4 _ I
P=359T", gw—g%+82m
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The dynamics of the expanding Universe Particles horizon

2
.
*T4 * — a5
p= 309 g %gwsfz;;f
2 2
a 8w T
(a) ~Fe —no
90 1
M M
Pl 873g. ' 1669, "

9. = 9«(T)

Dmitry Gorbunov (INR) Lecture #2 27 Jan 2008, Dubna, DIAS-TH 17 /20



The dynamics of the expanding Universe Particles horizon

Examples of cosmological solutions

vacuum:. Tuv = pvacnuv p=-p

_ _ 4y
Sg=— 166/R,ﬁdx Sy = /\/\ﬁd

8
a=const-esst  H,= \/ gGPvac

de Sitter space: space-time of constant curvature

ds? = dt? — e?Mastgx?

a>o, no initial singularity
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The dynamics of the expanding Universe Events horizon

ds? = dt2 — e2Hastgx?

no cosmological horizon: I(t) = eMest ! dt’eMust’ = oo

de Sitter (events) horizon (x =0, t):
from which distnace I(t) one can detect light emitted at t?

in conformal coordinates: ds® =0 — |dx\

coordinate size: n(t — «) —n(t) = a‘éi/

physical size: lgs = a(t) " 2ty = fis
observer will never be informed what happens at distances larger
las =Hgg
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The dynamics of the expanding Universe Events horizon

Constant expansion:

negative curvature

a=0

)

marginal matter:
p=wp,

gas of straight strings

w=-1

5 D=-3p

Big Rip. ..
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