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Massless vacuum diagrams
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UV divergence

/ % 1
(2m)d (k2 — i0)2

both UV and an IR divergences — cancel each other
UV divergence (1/¢) k — oo — IR regularization

k1 P, N2
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Any IR regularization is OK
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1-loop massless propagator diagram
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1-loop massless propagator diagram
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1-loop massless propagator diagram
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1-loop massless propagator diagram

Substitution oy = nz, ap = n(1 — z)
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1-loop massless propagator diagram
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Divergences
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Divergences

k — oo: the denominator (k?)™1+n2
UV-divergent if d > 2(ny +ng) (d — 4: ny + ny < 2)
1/e pole of T'(—d/2 4+ ny + ng) for ny =ny =1

k — 0: the denominator (k?)™
IR-divergent if d < 2ny (d — 4: ny > 2)
1/e pole of I'(d/2 — ng) for ny > 2
Similarly £ +p — 0



Analytical properties
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Tensors in d dimensions

o =d
Projector onto completely antisymmetric tensors
AR

For example
v1 Y2 v1 Y2

5[;;15522] _ % (5u15u2 _ 5u25u1)

Its trace — the number of independent components

1 2 n d 1
55552...55"1_<n>_md(d—1)..-(d—n+1)

Integer d: any tensor antisymmetric in n > d indices is zero
Non-integer d: the traces are non-zero for all n,
the projectors are non-zero
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~v-matrices in d dimensions

jnz

v+ =29
How many different products of the matrices v* are there
for an integer d? Each of d matrices v* occurs either 0 or 1
times. The number of independent products is 2¢. For any
even integer d, products of v* span the whole space of
matrices. The number of independent N x N matrices is
N2. This means that v* must be 2%2 x 242 matrices:

Tr1 =242

Any ~-matrix expression can be expanded in

[H ke — fy[m .. _,yun]

For a non-integer d, this basis is infinite.



~v-matrices in d dimensions

jnz

Y+ =2g
How many different products of the matrices v* are there
for an integer d? Each of d matrices v* occurs either 0 or 1
times. The number of independent products is 2¢. For any
even integer d, products of v* span the whole space of
matrices. The number of independent N x N matrices is
N2. This means that v* must be 2%2 x 242 matrices:

Tr1 = 22
Any ~-matrix expression can be expanded in

LB — fy[/“ e fy'u‘"]

For a non-integer d, this basis is infinite.
But conventionally
Tr1=4
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~v-matrices in d dimensions

Yy =
Yt = (=M + 20") = —(d — 2)¢

V" = V(=" P4 20) = (d—2)df+20d = 4a-b+(d—4)df

VP = ("¢ £ 2) = —da - b — (d — 4)ah¢ + 244)
= =20 — (d — 4)ah¢
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Y5 in d dimensions
It is not possible to define 75 satisfying
Y+ =0

Trysy, Y =dTrys = = Try, 9" = = TrysyH 'y, = —dTr s
= dTrv; =0

Tr 57,77 = d Trv57*7? = — Trys7,7%7%7"
=—(d—4)Trys7*y” = (d—2)Tr ’}/5’}/a’}/ﬁ =0

Tr 5777?77 = d Tr 7?7y = — Tr 57,7y v+
= —(d—8) Tr 7’7"y’ = (d—4) Trys7*77y77° = 0

VYRV = (d — 8)y*yP 7y + terms with fewer
y-matrices
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