Bound states of the two-particle Hamiltonians
on lattices

Saidakhmat N. Lakaev, Samarkand University

February 3, 2010

Saidakhmat N. Lakaev, Samarkand University Bound states of the two-particle Hamiltonians on lattices



The main goal of this report is to give new threshold
phenomena that are not present in the continuous case for the
two-particle discrete Schrédinger operators h(k), k € TY,
associated to the Hamiltonian h of a system of two identical
particles on the d-dimensional lattice Z¢ interacting via
short-range pair potentials.
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The one-particle Hamiltonian . . .
Dispersion relations

Hamiltonians generating the positivity preserving semi-group

Dispersion relations

The free Hamiltonian A° of a quantum particle on the
d-dimensional lattice 9, d > 1, is associated with the following
self-adjoint (bounded) multidimensional Toeplitz-type operator
on the Hilbert space ¢2(9):

(F*D)(x) = > &(s)d(x +s), ¢ € *(z).
sezd

Here the series ) ;4 £(S) is assumed to be absolutely
convergent,i.e.,

{2(8)} seze € £1(29).
We also assume that the “self-adjointness” property is fulfilled
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The one-particle Hamiltonian . . .
Dispersion relations

Hamiltonians generating the positivity preserving semi-group

Dispersion relations

In the physical literature, the symbol of the Toeplitz operator ho
given by the Fourier series

e(p) = ) &(s)eP). pet’, Q)
sezd
being a real valued-function on T9, is called

the dispersion relations of normal modes
associated with the free particle in question.
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The one-particle Hamiltonian . . .
Dispersion relations

Hamiltonians generating the positivity preserving semi-group

Dispersion relations

The one-particle free Hamiltonian is required to be of the form

~

R = e(—iv),

where V is the generator of the infinitesimal translations.
Under the mild assumption that

Ve =29,

where ¥ = {V(8)}sc40 is a sequence of reals, the one-particle
Hamiltonian IA7, o

h=Hh 49,
describing the quantum particle moving in the potential field ¥,
is a bounded self-adjoint operator on the Hilbert space ¢2(Z9).
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The one-particle Hamiltonian . . .
Dispersion relations

Hamiltonians generating the positivity preserving semi-group

Dispersion relations

The one-particle Hamiltonian h in the momentum
representation is introduced as

h=9""1hd,
where F stands for the Fourier transform
F: 13(T9) —s (2(29),

and TY denotes the three-dimensional torus, the cube (—x, 7]¢
with appropriately identified sides.

Throughout the paper the torus T¢ will be considered as an
abelian group with respect to the addition and multiplication by
real numbers regarded as operations on R? modulo (277Z)?.
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The one-particle Hamiltonian . . .
Dispersion relations

Hamiltonians generating the positivity preserving semi-group

The following important subclass of the one-particle systems is
of certain interest. It is introduced by the additional requirement
that the dispersion relation ¢(p) is a real-valued continuous
conditionally negative definite function and hence

() €is an even function,
(i) e(p) has a minimum at p = 0.
Recall that a complex-valued bounded function ¢ : TY — C is

called conditionally negative definite if (p) = ¢(—p) and

n

Z e(pi — pj)z,-Zj <0 @)
=1

forneN, py,p2,...,pn € T9 2 = (2, 22, ..., 2y) € C" satisfying
Y12 =0.
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The one-particle Hamiltonian . . .
Dispersion relations

Hamiltonians generating the positivity preserving semi-group

It is known that in this case the dispersion relation ¢(p) admits
the (Lévy-Khinchin) representation

p) =<0+ Y (6P -1)(s), peT,
se€79\{0}
which is equivalent to the requirement that the Fourier
coefficients £(s) with s # 0 are non-positive, that is,

£(s) <0, s#0,

and the series ) ;a\ ) £(S) converges absolutely. In turn, this
is also equivalent to the requirement that the lattice Hamiltonian
h = h® + ¥ generates the positivity preserving semi-group e~/
t >0, on (2(Z9).
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The one-particle Hamiltonian . . .
Dispersion relations

Hamiltonians generating the positivity preserving semi-group

Example
For the one-particle free Hamiltonian ¢2(Z9)
(A*)(x) = (~Ad)(x) = D [D(x) = d(x +s)], x ez,

|s|=1

the (Fourier) coefficients £(s), s € Z9, from (1) are necessarily

of the form
2d, s=0

s)=4q-1, |s|=1
0, otherwise.

Hence, the corresponding dispersion relation

d
= 22(1 - Cospi)a p= (p1ap27 7pd) € Td?
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Two-particle Schrédinger operators Birman-Schwinger principle and concept of virtual level

Recall that the two-particle operators h(k), k € TY, are unitary
equivalent to the following operator

h(k) = ho(k) — v, k e TC.

Here the operators hy(k) and v are defined on the Hilbert
space L2(T9) by

(ho(K)F)(q) = Ex(@)f(q), fe L5(TY),
where

=

k k d G
&(q)=e(5+q) +e(5-q) = 2% [1 —cos (5)cosqj
=

and

(vF)(p) = (27) ¢ / v(p - q)f(q)dg, fe LE(TY).
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Two-particle Schrédinger operators Birman-Schwinger principle and concept of virtual level

Two-particle Schrédinger operators

Example

d

(vf)(p) = (2n) 2/f q)dg, fe L3(T9).

Td

Hypothesis

Assume, that v(-) is a continuous function on T¢ with real even
nonnegative Fourier coefficients (s), s € Z9.
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Two-particle Schrédinger operators Birman-Schwinger principle and concept of virtual level

Two-particle Schrédinger operators

Since the perturbation operator v is compact according to
Weyl's theorem the essential spectrum oess(h(k)) of the
operator h(k), k € TY coincides with the spectrum o (ho(k)) of
the non-perturbed operator hy(k). More specifically,

oess(h(k)) = [Emin(K), Emax(K)],

where

=

Emin(K) = min &(p) = 23 [1 - cos (3]

Emax(k) = max &x(p) = 22[1 + cos(lg)].

peT?
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Two-particle Schrédinger operators Birman-Schwinger principle and concept of virtual level

Let d > 1 and z < Enin(k). Define by
G(k,z) = very(k,z)ve, k € T9

the Birman-Schwinger integral operator with the kernel

nl=

G(k.z:p.q) = (27) ¢ / vi(p— t)(Ek() — 2) TVt - g)et,

Td
where ry(k, z) is the resolvent of the operator hy(k) and

1

vi(p) = (2n)"¢ 3 V2(s)elP).
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Two-particle Schrédinger operators Birman-Schwinger principle and concept of virtual level

The following lemma is the Birman-Schwinger principle for the
two-particle Schrodinger operators on the lattice 7.

Lemma

(DA number z < Emin(k), k € TY is an eigenvalue for h(k), if and
only if the number "1” is eigenvalue for G(k, z).

(iFor any z < Emin(k), k € TY the following equality holds

N(z, h(k)) = n(1, G(k, z)), k € T¢.
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Two-particle Schrédinger operators Birman-Schwinger principle and concept of virtual level

Remark
Letd > 3. Then for any z < Emin(k), k € TY the function

Td
defines a Hilbert-Schmidt operator on L2(T?).
(ho(kK) — 2)f = v, f=(ho(k) —z)"'vf

or
VI2f = v12(hy(k) — z) w120 1/2f,

Thus ¢ (p) = (v'/2f)(p) is associated eigenfunction of

G(k,Z),Z < Emin(k)ak € ’]Td'
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Two-particle Schrédinger operators Birman-Schwinger principle and concept of virtual level

If d = 3 or 4, then the function

(v 2e)p)
"P) = &)~ Emn(R)

belongs to L1(T9) \ L2(T9), where LL(T?) is the Banach space
of integrable functions. If d > 5, then the function

(v'/24)(p)
Ek(P) — Emin(k)

f(p) =

belongs to L2(TY).
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Two-particle Schrédinger operators Birman-Schwinger principle and concept of virtual level

Definition

Let d > 3. The h(k) is said to have a singular point of
multiplicity m (resp.regular point) at the bottom z = &in (k) if
the number 1 is an eigenvalue of multiplicity m (resp.no
eigenvalue) for the Birman-Schwinger operator G(k, Emin(K)).

Definition
Let d = 3or4. The singular point is called a virtual level of the
operator h(k) if the number 1 is a simple eigenvalue for the
operator
1 1
G(k7 Emin(k)) =Vvz rO(k7 8min(k))‘/§'

and the associated eigenfunction 1 satisfies the condition
(v1/24)(Emin(k)) # 0. Without loss of generality we can always
normalise (v'/2¢)(-) so that (v/24)(Emin(k)) = 1.
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Proof of Theorem

Statement of results

For a bounded self-adjoint operator A, we define n(\, A) as
n(\, A) = sup{dimF : (Au,u) > \, ue F, ||lul| =1}. (3)

If n(\, A) is finite, the number n(\, A) is equal to the number of
the eigenvalues of A bigger than \.

Let U(s), s € 79 is real even non-negative function and

v(s) — 0,5 — oc.

Theorem

Let either d =1 or?2. Forany v > 0 for any k € TY the operator
h(k) has an eigenvalue z(k) < € nin(k) below the bottom of the
essential spectrum oess(h(k)).
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Proof of Theorem

Statement of results

Remark
The eigenfunction of h(k) associated to the eigenvalue
Z(Kk) < Emin(k) is of the form

f(p) = (Ex(p) — 2(K)) ™" (v!/24)(p)

where 1) is a solution (up to a constant factor) of the equation
G(k7 8min(k))¢ =1.
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Proof of Theorem

Statement of results

To formulate our resulis in case that d > 3, we introduce a
parameter n(€q) > 0 by
1 aq

"E = ems | @

N7 < (Emax(0) = 4d)~".
Note that n(€g) < ¢ is finite because all critical points of £y are
non-degenerate.

Theorem

Letd > 3. Ifmax ¥(s) > 1(&g) holds, then for any k € TY the
operator h(k) has an eigenvalue z(k) lying below the bottom
z = Emin(k) of the essential spectrum oess(h(k)).
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Proof of Theorem

Statement of results

The following Theorem states the existence of bound states of
h(k) for all k € T¢ = T9\ {0}.

Theorem

(See. [1]) Assume Hypothesis 3. Let the operator h(0) is
positive and the bottom z = 0 is singular point of the essential
spectrum of h(0). Then, for all k € T§ = T9 \ {0} the discrete
spectrum of the fiber Hamiltonian h(k) below the bottom
Emin(k) of its essential spectrum is a non-empty set.

Theorem

Assume that the assumptions of Theorem 11 are fulfilled. Then
there exists a unique even continuous positive function z(-) on
T and for any k € ']1‘8’ the number z(k) > 0 is an eigenvalue of
h(k) lying below the bottom € qin(k).
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Proof of Theorem

Statement of results

Remark

We remark that it may exists a region G C Tg ,G# Tg and
several continuous positive functions z1(-), ..., zs(-) defined on it
and for any k € G the numbers 0 < zy(k) < ... < zy(k) are
eigenvalues of h(k) lying below the bottom & min (k).

Theorem

Let d > 3. Assume Hypothesis 3.Let the bottom z = 0 is
singular point of multiplicity m for the essential spectrum of the
operator h(0). Then for any k € T¢ the op-r h(k) has at least m
eigenvalues lying below the bottom En,in(k) of the essential
spectrum of h(k).
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Proof of Theorem

Statement of results

Theorem

Let d > 3. Assume Hypothesis 3.Let the operator h(0) has n
negative eigenvalues (counting multiplicities). Then for any
k "]I‘g’ the h(k) has at least n eigenvalues lying below the
bottom & min (k).

Theorem

Let d > 3. Assume Hypothesis 3.Let z5(0) < z1(0) < 0 are two
negative eigenvalues(counting multiplicities) of the operator
h(0). Then for any k € T§ the inequality z>(k) < z1(k) holds.
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Proof of Theorem

Statement of results

Remark

We underline that these results are in contrast to the similar
one for the continuous two-particle Schrédinger operators,
where the number of eigenvalues does not depend on the
two-particle total momentum k € R9.

The proofs of above stated Theorems 12,14, 15,16 are based
on the following inequality.

Remark

Assume that the dispersion relation () is a real-valued even
conditionally negative definite function on T¢ with the unique
minimum £(0). Then for all g € T9\ {0} the inequality

e(p) +£(q) > £p+9) er p=9) +¢(0), ae peTS,

olds.
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Proof of Theorem

Statement of results

Lemma

For any s € 79 the number \ = V(s) is an eigenvalue of the
operator v with the multiplicity N, where

Ny = |{x € Z9 : ¥(x) = \}| is number of points of the set

{x €Z9: V(x) = \}.

Note that the number X = ¥(s) is eigenvalue and the function

vs(p) = (2m) 126, s € 2,
is an associated eigenfunction for the operator
v=9F"17,

in momentum space.
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Proof of Theorem

Statement of results

Forany [z < 0,if d =1 or 2 (resp.z < 0,if d > 3)] and
vs(p) = (2m) %€, s € 77,

we conclude that

(v2e)(p \de
(G(0. 2)vs.vs) = o)
|V2 Iqu v(s) dq
27T)d/ (27r)dT[ &o(q) —z

Vs € L2(1rd)
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Proof of Theorem

Statement of results

Let d =1 or 2. Then for any v(x) > 0 there exists E(0) < 0
such that the inequality

() dg
(2m)? | e > @

Td

holds. Let d > 3. Let for some x € Z¢ the inequality holds

max V(X)[(er)d / Ej(ciy))] > 1
Td

Thus there exist ¢ € L?(T9) and E(0) < 0O(resp.E(0) = 0) such
that (G(0, E(0))v, ) > 1, i.e.,the self-adjoint bounded operator
G(0, E(0)) has an eigenvalue in (1,+400). By the
Birman-Schwinger principle the operator h(0) has an
eigenvalue in (—oo, 0).
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