Fxtensions o Tempssley- Leh
alacb | CFT™

/K}/eXander Nichols
(SISSA, Ttaly)

Connuum and  latlice models ase d&ecent.

Connecé'}-o"\ s catbes subtle

(zive examples  whece thece ,“3 iy el 3ebmic

stouckure  on  lattice.

Ledhice Gonbinuum
Repls : ce=7 cepls
» Null vecters . Minima)  models
. Generally \rreducible N7 22} (¢ s) BEF

~- Séat. Mech (20°65) gk «'=X]
. (200€) Taolo3

v. N'idlen L“R v - ‘
’P-"Pyafov‘a (j Sheletleiy . v (2006) LO2004

medh . R T /020 333%,



lemPGP(QY—Aieb i g tam 4":'. g ¢

N
e . Connect all ponts
wth mnq‘n%ersecfr}s ACCS.
T + Consider diagrams  gguicalent
N up to TSOTSPY =
Example : T — e,
QA= .\ b=
Multplecation :
AR, o
ab = )
A = 8
/ ala
Ea

Idené‘céy element :

e .

This is TLy(S) a!gebm.

. Thece are onl ,_‘__<QN) daqrams
7w N G

"

Gabalan numbet




' g

ﬂff : .
I 4.’,.}\_.1"’. 5
Jlgebraic_descripts

A}

@1
lagrams.  ave ae_r\em{.d by

Re lQ'e(bns :

€

2
e = Sei

e;ew € =€

- 4
é:.e; = TOT (1]
ei=€ie; |iy] 91 ]
I lijl> 1 (= ’ | 1|
i | . 1'! -

TLn(S),

|




In{eﬂmb(e medels :
YQna—SaX‘ée“ guﬁﬁbn s~
K: () Ry (urv)R; (v) = Rzi ‘(V)Rz«; (u+v) Rzg |(a)
RW K (v) = RWIR:(w)  e=jI>!
R Re(-u) « 4

\

4

A geredc solution (iie cep! indeporcknt) & :

R:(u) = e;— Lurd  whese 3=9t3
Lu] ¢ )=
22 .

Standacd p(‘oceoluce

Trangfec . Conserved
mateix expansion ﬂczucmﬁ'(-és
in povess «

, Lo N-I \
S;mp(esf H = - e;

=



4

[n Wy—>eo lim€ Yang- Saxtes ¥ [
-nbec:lmves bra'd ;nmu‘o :n3. 4 3{ = // (\/ /

ﬂt 3&-{-4 32 = 3{4-1 9c 3;,,_, invertible
$9i=%ig ll>
G‘ioen TZN(S) wrth S=;4;?~l +‘m:—
9i=er- ' SateSy bead reltins anid

.|

0 (3~ gi4g') =0 Hecke dgeb
i) 9:9:419: £9 9:gim £2 'gu9: £99: 194 19°=0,
The Hecke o.lf]ebm s a de§oemation &

S’ymme{:dc group (;_:_,).
teie Geoup ~ Trveps of Hecke Soc

Teceps of Symme " ¢
P § y D N=) 8e.ne°(C ‘2._
cl\QatQMS: DEI?
e~ ] a N=3
=0 inGi)
( ey _
=0 N~
n Q) =0



E xample : XXZ model.,

) eG)e-el)

N sites

s _L x x . [}
€ =72 [cr[ T T o':_/ °'zy+t e o Xo—iz"'g-l - cos¥ + isin¥ (- )]

. For | <i¢N-I these obey TZy(3) wih §=2cs¥.

3__ S LS
H = | L ) (0' ?0';_, +0'Za—‘§., +®SK¢?¢§_,—C°SX)
t= L=
+Lisin¥ (c2-ox)
.4
Quantum goup  Symmetry': 9=¢€
9 =9 2 ®-®9
-55-2“ _gﬁ

* Spectoum o H® can be found usIng

Bohe Festz [P-1> 4 [$=4> -g=l &
states.



3-~state Rts model

W.w(%} ‘

Vo TLy (.j—é—') S?OQA by :

Thece s a rep.

+ +
Cal = Jl,g_-, ( | + Qi 'QC+I+ Ri Riﬂ)
+
€ai-t = "5 (l"'Mt"'Mf).
e O o | O
R=[0 e O m=[0 O I
g = | 0 O
- -l
>' ( = ‘Zec a?oes critical  THS model,
(= (*S:cee \aowdcwy)
Symme(-t*y e S — simfets 0 doublets
Cont , 47 n Specfmm
ontinuaM (£,5- /S
’ ( Cacdy po 32,5 80
S)@% %
Iy % 2 Yo % =
smal 40 hes = 6:—‘53}
-G be he 3 i 120
|/8 yl+o 2, 13/8

S.S



.t.*"f-“"':" --".‘;." L"’ 0‘9 TA Q l f ,{d
Numbet‘ Og uncen
e s

- " Boflem ' hop(Sligped)

Full diagram
This s UNIQUE !

AN, ' el -
C@ﬂqo(ef‘ on )/ L\(t‘% AK@*‘Q”’\S

¢ Action of aenerq{ds cannot INceEse numbes

oS unconnected (ines :-
Ex. N=% o . Ackion of
l’ "(636 ta.
Al s lal 5 lln @
V
@ 00D
Trveducible Representations :- Dimension
Ho= f/a ; nat 2
H,= {all;lalsllag,
- ‘ HQ
= -§I!H;/H'

Tnoec Prcoluc-é:-
<QQ‘I (A >= (o =8

X=loy><xa) Y= 17><Va]

XY= |x><xa)y,><Ys| = _<°°=-'71> | ><ya|
indpt of ;uYa e




5 }(lv‘->} are  diagrams fhen :-
Gy=<vly> 5 Gy=6y
Foc ircedudibility det G*O.

3=947'
. 9 GENERIC ("% nNEZ)  Semismple.
, J
N|o &1 % 2
l [
2 )/ N Ve hes <3 wnconned-ted
d
L S g N~ J=N 8,
1 , _Ln\\slal;ﬂn
0n;6)
dim \/d.(”) = ( N ) o N ) ':D‘nmensc'?ns &
8-i) (At m:\mm
Foe XXZ medel:
N/2 ) N
§ (QJ‘H)J:MVJ =d.
s
d .l\vd‘(”);s sp'm-d (‘ef‘e&” ‘h'Oﬂ

of Sl (2).

The XXZ cep¥ & FAITHFUL - Tt contains all
ceplls o5 T-4 a{se_bm,



? |
TS 029=ﬂ Soc  pEN +hen we have aull Stedes,

( Non-Semisimple )

i Theve ace oo less ‘mce.-:luc.;fo(e Pep(‘esmﬁéﬁs
0 < 2 |
Eq p=6 (04<3) " L b Totts S
N Y% Y Vi Ve V, | vomz
f I \\ - '
2 | | 2
3 2 | -
i | q
5 4 > B
& X 27
LW W _ W o ) |
dim V= [§ e I i+2e " litse T
wy_ N\ _/ N PR e
e 130 (g3) = (grn) 8
J°
LATTICE THEORY. CONTINUUM T HEORY.
Tempecley- Lieb algelom Vi raseo ad&e)om
(TAm+1) e -
L= € S C;J m(m+1)
Teeductble Rep“: \{J FSS. Teceducible Rep” ;h':ﬂjﬂ
O$J { o=l (14254440\)
i< ng) hes= ((m“)v-mS)z*l
: Aﬁ(‘eeﬁ wih Totts madel cesults - km(m+1)

» DO NOT GET WHOLE cFT/



g.5 !

N-1
Corscl . H""Z e ) sects vd
=)
. Seep A Resaaling H
V-1 Eysm CO'\S, ;ﬂué
le_’_‘:g_%____z e. | inhe lim€
smMm =) ' (SOM uebc'r(')'-‘-')
seep 2 CorsiceS
E ()= X ( E.(N;Y) -Eom,x))
o 2
rei@“ ,E"“SQ s
mvﬂ.&'&’r :f\:-;)’
| A
Now: i i = ) =i}
& CFT



2n

Z

must be
even!

Mulbplicaton as  beSore

. Remove closed lops  Soctor 3.

(eSe-leS¢
Maek , aces odd /evan (#- ‘oo‘m{-e below ‘lou.\esé

5 fo'w(\ on o.hc.)
- RPemove even occs Sackee |

~ Remoe. odd aces Sacker S,

::S‘

odd gl
eveq —>f

. Tdentdy as before :

.%Is S iBTL"{S,S,) o([qﬁmm q(sebrq,

— There ace fow (-?NN) possible diqS"‘ms'



Fundamental aenecq{ocs ‘-

e ei= | | 1] Isign-

= =

T-L celations -

= . ®
€;=Se( e:€:4)8=6 €¢:e¢"=eje€ li=§1>1

Also :
2 | |
e°=s| } =S‘ i .
ocu/"/ |
acc
v
€.80€ = &, am
L/ | | —— =
2|\ z
even
Qe U
a) l
J | !
€€l = E( €0 ) — Kl 1l
:> | =T 1 |
‘ N

2

These are algebraice celations S~ 48TLy(3)8)),



I :
Re ecfton

- [

K, ()R (utv) Ko() R, (u=V)= Ry (u) Ho (R, (k)Mo
R; () Kolv) = Kol R:w) > )‘
Ko(l” KO( U) « ﬂ.

T"L Q(ae,locq — RC(U) = e‘:— [u.HJ 8_.:’9‘&-’
Py - [u] | Lw,_]
Lw,-&-t]

Ko (W= €s - [@( - W+ 3')(2] [(u w,+§;,2]

[‘4] [“’t*"] 4
acbrteae
Im‘eﬁmble '/—-’qm'(l -p‘oniqn ‘- P Y

H =‘?QO‘§§L

acbite

Pﬁmm
(celated 1o ;)



Aa(a(llg o boundasy #o Am;ol geoup
( brad g Fype 8)

9:4enJ¢ = ir I it

[y >

gise= ¥ 7 e
EE"E'K{O‘S ce f'mﬁ‘f;z‘
PDetures - ‘ )
i ) L /
. ‘EK \ SE‘D \( |
¢ . ) eo -/s;nwt
60"" (A - sm\{(‘*‘l‘\' = 2 sin(u)ﬁ-“).
o= € —fe—
3 ‘-w‘)( __e-iwt) = 0. Tpc R
Je Heclke a&jebm



13
XX Z repufsenfqﬁon

Ry X X Y 4
eg il _é' [0-“ 0—24_' +0’L‘ 0'24.[ + COSXO—"ZO"E_' - COSX‘
| ' + isin ¥ (o7~ O'f-':_, 2]

en=~—_| _{cosw, cE -0 ~SINW
¥ QS’M(UD,-#X) ( Y ' ‘)1 met Gev\em.\
7‘ : one-site  boundacy
3 =2cos ¥ § = S0 teem.
Slﬂ(wl'f-X) .

=)

H= —aeo-D e

=1

| "2{ + -s% éh’ - -s% —QS"
= e S +e ~ CosSw ~1
X 2sin(T+0) 2 S 2 sin¥ ™ )
—282 (N&‘ SLuantum g:up

AlX)=10X+X®3 [ +0)

[Xe]=0  [Xe]=0 Igign-)
Naively ~ SUg(2) —>uct),

. Genericall Y X can be Full y c((qsoao.ll'scd
| Abelan symmetcy [){,H]=O,

: F’(—)C‘ w=KY k:-(N‘l),‘(hﬁl):*-) N-

-
X becomes of Jocdaa Sorm (E_ﬂl.;,)

Now [X,H]=O = H has dejenemcy./




o 13:S

TFoths _representation 5={3’
Two P"ss.'bwﬁgs“ J? 0O 51=J-§_7 h
Ay €= A ﬂ) ( )
&-9(8
1

t=|

A leds To lowes energy Sor states <g§
/
A8 lesde 4o lomer enegy Sor st (1)

end
57' a—> 20 Wwe obtain FIXEDP bouf\olog)’ i Of\e’

¢es(4(‘6$

A h,,,,4="s, 1,\4,:,.:!3/@. } Hnown
{

AB: "’7.1,9.:/4-0) \"2,4':2’%-0



1 BTL cL(ﬂg\om . | m

Same +ed\n;tgues as Soc TemPQNQ)I -Lieb,
al§ ~diagram:
l : . — / \
el Baal NHE
Botiom o SHered
Agan UNMQUE
Ex. 4L=3 \})0
Al &
n\\\n Al &
nl \}'m Bl e .
DPmension
we:!uc\ble QQ?S
F - ¥ Jat; 0 ,ﬂ} 3
H 4 {al;l0; "ﬂ}/ 3
}{2'—- €7’{}/)_('
Ha= {113,

Tnner proale.mé: - Q{
< nlnql ;\/A\ > ‘ l '




|5 |
Genete Wy wxKY K== (N-),-(N-2),..., N~

/ irreps (03" )

N o W, w,

- é m_, u)_'/a (Oo w#a U), w% wz
] _'l _l |
o q l 2 ¥
3 g s M7 3 |

108 (sn ;\ (
4— l 1" 4 ?—“ﬂﬂ,m 6 | l 0 '
S | s (O (O s |
(N) N
d‘m mQ = <g— )

V) IV XXZ chain contains
Z dim g = 2 a sigle cpy o each
< '\N‘ef.

EXceféiond:l W) (qr\o{ Y)
Ex. §$={3 , §=4{3"

Fotis
N0, G, W, W, by e
l | l =
2 | 2 3,
3 l 3 2 -
h 4 4 S : S
S 24 9 s -
¢ 13 4 27

Us3



(6

A Sur_pr'ise.{

w L
H = —Q€&, Zeg
c=|

with q= 2sinYsin(0+Y)

Cos® +CosS,

ML 6l (tcomurtertsho)
Cosw+cosd,

N-l
- ,L[( Z (ofek 0ok — cos¥oToly, +as¥) +is}n)’(c-?—<r~'f)}

=1

spec_é(‘u.m as -

d(t N-
: . _ijz(ahx‘r-ﬂ""" Octt = C"SX".Z"_?-I +cos¥> + et

=

+smb’[ ‘éaﬂ(%&) 0'/24‘ -@n[_‘);-‘:s_) 0—2 +_gs_«n_tg__]}
N

CoSw+~cos§
. Chec ked us:'n3 exact diqgoaq{isqébn (2164-)
. Bd‘\t HﬂSCd‘E : -
- a
Genercally UK U =H™
BUT &« w=kY K=—N-1),~(N-2),..., N~
U does not exst (Smgula\‘)
‘QQQ&(\: ﬁ+‘l¢\€3€ @’T('S 3€6 'CX&“Q t C,)(
H‘\4 ( ‘R (( ) Hdlqs_’\_,(\@ )
| N

7 N
Heemitian "



65
Fmrﬁe size mlgg_

N-1 ,
Conseler =-0€"~ Z i wQ~
ek Use fnown resuks Som diggonal chain,
(S mo(epef\o(ence )
FSS saalng & indpt o5 @ (a>0)
i £nuum CET
H- -aep- 2 el N IJ.')Q Continuu s
L-\ Cm*'l)m: \- M(M"',)
= SinWi S=I2cosr .
i sin(w +¥) ESS. Fle (0' "\ ~S
R |
lD. = PX X m+,
Q=55 (grgm-l
o | {SEm#

BY ADDING BOUNDARY TerMs WE SeEs
AlLL FIELTS FRom CFT.

Fac Totis  model ths eadly ceprduces
cesuits & Cacdy.



2N

<2M

. No eS¢~ [e5é aces
+ No rhhé—“'ﬁhf accs




2N

<2M

. No eS¢~ [e5é aces
+ No rhhé—“'ﬁhf accs




/’)/3 ebrac Senecqﬁocs :

@(CIGOAS: e; €l e. = €, e =SeL
e € ~ €\ eo =S(€o
Oy €n CN-1 = €Nl EW =SaSH
3
63 M=4~ eoege(e3
].—n'éeﬂ(’qble Homtoaan
28TL ”{"(
H qeo“Q,eN = 4/ e
=)
A)// ;p@luc}b/e is o QBTL( $,5,82) e in guotent:
De cemeve pairs & hoizontal lines (H‘é—czghﬂ
oith som< Sacbcf,(o
e.q N=3
e,e,61638082 = = b



.S'(:udy U\q\g-dh&mms as beore :- a

i “ L, inde€
( \ \ acton -
i r
W 4 |
(0, ) } ncz:,:,df E:n :.
N=3
/\\\ =
"li\ ‘><“r b;ﬁgn
")rg\’fl }ﬁ'l\m);lm\h‘-?
;5705708 otion o
SRARIGE ir ﬂo:m SSOS_;ens
’W\ece 's aways @ cep“,‘ o Ac'menS«'on QM,‘



20

. . 4 !
4 'ﬂlls S \Mtphtc ‘o the SP‘m clhain pePN_-
2
Seace :gﬂﬁ(’&-@@z
. N
Co= " _J (—icosm.a',z ~o'f- simo,)
Qs}n[u)rhb’)
e X
€ = ‘L[U);(O"-H+G"ya":, +ceSE T, crz,—-cos‘( n
EN = - __’l__.———' (LCOS&;O-N + C°s¢ G-N ~Sln¢d'N —Slnwg_)
Q.S;O(U);‘f‘x)
= sin®l s, = SNW2_
sm(wzﬂ’)

g = QCOSX S| =
ain(w+Y)

Foc N odd : s s,n<w.-2a—£>s;n(w,—:_z+g>

- Sin(WAY) ain (W2H+Y)

: ‘ a” X+u>«+wa+¢
For N eveni | Sm(*ﬁw»fg }sm( > )

sin (w+¥) sin (w2 +7)

-1

. H =-Q eo-q/e[( - z (S \s mos€ aenem.(
| e

XX Z& codel  uwih NON—:DIA&ONAL bounddy
feoms (s (Jo.vame—fecs : a,a, w,,wa,¢ )
Ham(bnian 28TL
q\sebm
. When s this "‘QPM \creducible =

=2

//
2 ,//> <« NoT (RREDE
%S does NOT l/h(:bl
Sordan cells e,s (§ o()

(ce‘



.fhis & easy using dliagrom cep?
Tnoec pcoolu.cét

L J = — N
T = | \ ool
' . l
= §s3 b.
Geam matsix G = <velvg> Jet G xO <> (RRED.

RESULT : |

. Pov Senev\c ¢ +the oef'.‘ s 'mreo(udlok.

El,z=i].

- For ¢=(N—l—2n)¥ + E W+ Ealoa

N |
cee’t o \ndecompamble. \n=o,l,a,...,.“:5_7= N even

'b‘learaee S
ﬂs"_—'NooH

vy | %,
O |,

n=o)’)ar- >

8 U.F(D(‘\\S\Nsly —\'hesc ate (ovec‘tse.(y -\‘-L\e Po'w\%s
hee the Bethe Ansatz So¢  XXZ has bee
\ | |
o.ch(eoed. (Nepomech'le) ng et ql.)

Thece ace twO sets & Bethe g;_c&q-éxgms
and The sp(f‘(‘ﬁ@ & the 2" eLij envalues
agrees with Spl?t‘&’rg Soom QWBTL qlgeboq!



Toceducble repls o§ 2B8TLy (8,5,82) 2{%

N,
‘ 521\38‘&
2 | . N=1
\ 4 *+ 3F 4 | b A e o : i
y S \ \ AN

: 1:2” d.‘mers?om\

ceo”

Cowdl by st

Al thes= pumbers be
COUV\'G’S number

Bethe Arextz 9@5 nwne&m(l/ andl
& Sb(uﬁons,



. . _ na
. Connectwns odh  e=—2.

/rake —S_—_ O 3 S ~S::_—O
N eved e
. (b?é) | e fow whese P
odld ‘o bok (cee” 7Y
N
N o2
' ezcﬁﬂ Vg
) 6‘0::0) 76%
whece. ¢
v L% (6,0 +8912) TR
% - 2
2/7! = .:’2-_ Z—Vﬁ (6(,2"‘ 6@()2) P) < ns'
- = T (=2
Koy, i g P P@= 5,

-e Plz)
%R =2,1Qo=2lﬂ;— @@&22 3{,2 z @Km-ﬁf/‘m
| ez)K:. z
ne2 "
-
202,k = S @nad)z
FOc SueT '“'\e?e. ofe mdeccsmpomb‘ € N 4
o EXERCISE ¢
Peeﬁs eﬁ e a0\ -
\@ ‘ ? Underséand them.



